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FOREWORD
This report covers the work conducted u
in compliance with Contract NA88-201:3,
ABSTRACT
_ ___
An analytical investigation was conducted of pump
generated pressure and flow oscillations, and ana-
lytical procedures were developed which may be
applied in the design and analysis of turbopumps
from an oscillation standpoint. The pump blade
wake oscillations were studied from the viewpoint
of the generation of oscillation waves; the trans-
mission of waves in the pump discharge system; the
reinforcement, or superposition, of waves in the
pump discharge from multiple sources; and the elimi-
nation of waves by acoustic dampers. Initial studies
were made of cavitation oscillations by studying the
cavity volume of an inducer and its effect on the
oscillations. Experimental programs were conducted
to verify and supplement certain of the analytical
results. A limited experimental study was also made
of stall oscillations in an axial and centrifugal
pump.
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SUIT@SARY
An analytical investigation of pump generated oscillations was conducted, an
experimental data were obtained from air tests to verify and to supplement
certain analytical results.	 The primary interest was in the pump blade walce
oscillations generated by the unsteady,
 velocity field, the unsteady charac -
teristic resulting from the relative motion of the pump components. Second-
ary emphasis was in the cavitation oscillations which are low-frequency oscil-
lations observed to occur at low values of NPSI1 where inducer cavitation is
occurring. Finally, some experimental data were obtained for stall oscilla-
tions which occur at low flowrates when the loading on the pump blades reaches
a limit.
Several aspects of the blade wake oscillations were considered. The ini-
tial effort was directed toward de3cribing the mechanism by which the
pump flow field generateic acoustic waves (waves traveling with the acous-
tic velocity relative to the medium. Brief efforts were made to develop
a simple method of accurately determining the potential flow field in the
blade-to-blade plane of centrifugal pumps, and to search the literature
for techniques capable of yielding accurate boundary-layer calculations
in the rotor stages of the pump. The objective of these studies was to
permit more accurate determination of the flow field leaving the rotor
which is the forcing fanction of the oscillations. A potential flow solu-
tion applicable to pumps in general was developed and yielded good results
for a radial bladed impeller, but the application to mixed-flow impellers
was not made in the current study. The boundary-layer investigation indi-
cated a scarcity of information in the area of rotating pumps because of
the complexity of the problem. These efforts were supplemented by experi-
mental studies of air flow in the Mark 10 pumps using hot -wire anemometers.
The unsteady velocity field behind the iiape l ler was determined as a func-
tion  of radial distance from the 1."peller. BoV, the unsteady total velo-
city vector and the unsteady radial component were determined at each
station.
1
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This study of the impeller flow field wrs secondary to the task of deter-
mining the mechanism by which acoustic waves are generated by a given
flow field. Two mechanisms were studied: (1) the generation by unsteady
blade loading on stator blades or volute tongues downstream of the rotor,
and (2) the generation by the existence of an unsteady velocity field at
the entrance of the blade row. The effects on the stator blade loading
of both the potential and viscous flow fields of an upstream rotor were
considered through techniques developed in the literature. The viscous
wake effect was programmed on the digital computer to permit rapid calcu-
lations. Then, the order of magnitude of the pressure wave strength gen-
erated by example cases of both mechanisms given above was computed
analytically.
Using data common to the Mark 10 pumps, the wave strength due to the un-
steady blade loading was shown to be several orders of magnitude less
than that due to the velocity field. As a result, this mechanism need
not be considered in analyses of pump oscillations. A brief attempt was
inude to correlate the test data with the example case studied for the wave
generation by an unsteady velocity field, but the correlation was not
good, indicating the need to develop more fully the acoustic wave genera-
tion by velocity fields more typical of the pump data.
In the pump discharge system, the amplitude of the acoustic waves is
primarily a function of the wave transmission characteristics of the sys-
tem. Therefore, a study was made of the wave transmission in elements
coimnonly found in the pump discharge system includirg elbows, valves,
orifices, tees, volutes, and uniform pipes. The elbows and valves were
studied by assuming each to be a plane discontinuity in an otherwise
uniform pipe. The velocity field for potential flow through these ele-
ments was used as the boundary condition for the solution of the wave
equation. The results indicated that the impedance of each of these
2
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elements was a pure inertance which must be added to the inertance, resis-
tance, and capacitance which would be computed based on the geometry and
head loss data of the element. The elbow inertance correction term is
always smaller than the inertance computed from the length of the center-
line of the elbow, particularly for curved elbows, such that it could even
be neglected in order-of-magnitude studies.
The wave transmission in volutes was determined by assuming the volute to
be a horn with the proper cross-sectional area to distance functional
relationship. llocketdyne volutes, and generally all volutes, follow a
linear area-distance relationship although, in some cases, two linear seg-
ments are required. The solution of the horn wave equation with this
relationship was presented and shown to be quite cumbersome for general
use. An alternative approach was suggested which consisted of segmenting
the horn and computing the impedance of each segment using average geo-
metrical properties, The orifice impedance was given from results ob-
tained from numerous studies which are reported in the literature.
A test program was conducted to verify the analytical studies of wave
transmission. Each of the elements studied were tested using a horn
speaker connected to a power oscillator as the generator of the acoustic
motion. Instrumentation problems caused delays in the test program which
prevented all but a cursory analysis of the data. Data were analyzed
using parameter optimization techniques on the analog computer. The. toast,
data and analytical calculations were in agreement for the elbows and
valves, but not for the orifices. The orifice data are suspected to III.
orroneoit s causing the complete lock of correlation with analytical re,'in I
The actual volute data were not analyzed, but data from a conical horix
were analyzed. treating the horn. as a uniform extension of its dischargro
pipe. 'f i i s resulted in an effective horn length of approximate l N oily
third of its physical length.
3
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The reinforcement, or superposition, of blade wake acoustic waves in a
pump with a vaned diffuser feeding a single discharge line was studied.
The techniques derived by Strub (Ref. 1) were used although the techniques
had to be generalized to extend to the case of short wavelengths. The
results of the analytical extension were verified by tests of the Mark 26
fuel pump. The method was later used in the design of a future pump to
minimize pump oscillations due to wave reinforcement.
Finally, the attenuation of blade wake oscillations by acoustic dampers
(or filters) was briefly discussed. The theoretical development of the
transmission of waves past several common dampers was presented, and the
resulting filtering characteristics described. Each of the damper con-
cepts (i.e., a capacitor, Helmholtz resonator, quarter-wave tube, Quincke
tube, baffles, screens, and a tube bundle) were tested; and the data
which were analyzed in the time available indicated excellent agreement
with predicted values.
The objective of the cavitation oscillation study was to describe a
quasi-steady dynamic behavior of the cavity volume in an inducer and to
define the oscillation characteristics resulting from this quasi-steady
behavior. The cavity volume was studied using the free streamline wake
theory for cavitation in a two-dimensional cascade. The resulting volume
relationsLA ps for a particular inducer were curve fit for inclusion in
an analog computer ,nodel of the dynamic equations of a cavitating, inducer.
To permit a check of this cavity theory, both pressure and flow oscilla-
tion data at the inlet and discharge of the inducer are required. The
pressure data are available, but the :flow data are not. Therefore, the
inducer test facility (water tunnel) was acoustically modeled in the low-
frequency range to provide the flow data. This model was also put, on the
analog computer. Checks on the individual models of the inducer and of
the test facility indicated each was functioning properly, but when the
4
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two were joined to form a closed-loop system, instabilities were obtained.
This is not uncommon in analog computer work, and all of the instabilities
could probably be eliminated in a reasonable amount of time. However,
the contractual period did not permit completion of this effort in the cur-
rent study.
Variable-flow tests were made in air of an axial pump and two centrifugal
pumps to determine the stall oscillation characteristics. The axial pump
resulted in an abrupt stall with large amplitude stall oscillations at a
typical frequency of approximately one-half of the pump .speed. The two
centrifugal pumps indicated no stall oscillations as the flow was de-
creased to essentially zero. One of the pumps did exhibit a head-flow
performance curve which reached a maximum and then rolled off, indicating;
a possible rotating stall operation, but no stall oscillations were evi-
dent in the dynamic data.
The program is seen to be of broad scope,
	 consideration being; given
	
io
many pertinent areas of study of the problem of pump discharge oscillations.
Certain areas were studied in more depth than others.	 Many areas are
delineated in the report as deserving further study.
It is recommended that several of these areas of study be pur^4ued to reach
a stage at which direct application is possible in the design and develop-
ment of turbopumps for minimum oscillations.
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INTRODUCTION
The performance of the turbopump directly controls the performance, relia-
bility, and overall acceptability of a rocket engine. Great strides have
been made in the field of pump design to achieve the current high per-
formance. In achieving, this high performance and in using these advanced
pimps in complete systems, it is becoming increasingly obvious ti ►at the
dynamic performance is important and, in some cases, criticiil to the suc-
cess of the vehicle mission.
Pressure and flow oscillations in the pump discharge system ary commonly
observed phenomena. In most low-pressure pumps, the oscillation lunl ► l:i.-
tudes are small and are not detrimental to the main function of the puIIII)s.
In high-pressure pumps, these oscillations, though still it sinall fr ae t,i on
of the total head, become significant in amplitude. The observed oscilla-
tion frequencies vary over a large range from less than 10 to more tliaii
1000 cps. The higher frequency oscillations may cause thrust chmnber sta-
bility problems or may excite vibration in structural parts of the pwrnp
and feed system. The low-frequency oscillations are limit cycle oscilla-
tions transmitted through the feed system and result in engine thrust
oscillations. These limit cycle oscillations may couple with vehicle
fluid and structural dynamics in such a way as to cause vehicle or mission
failure.
Sufficient familiarity with pump generated oscillations has been obtained
at Rocketdyne to classify certain distinct types of oscillations accord-
ing to their source. It is convenient to distinguish three distinct
classes of oscillations which are sufficiently independent to permit an
independent study of each:
1. Blade Wake Oscillations (oscillations due to wakes shed from
rotating blade elements
7
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2. Cavitation-Induced Oscillations (oscillations due to cavitation
in pump blade passages)
3. Stall Oscillations (oscillations ,resulting from stall of the
pump blade elements)
The ultimate goal of the technology of oscillations in pumps is to es-
tablish pump design procedures that would prevent, or at least minimize,
all oscillations. ltuving distinguished the three distinct classes of
pump oscillations observed in pumping machinery, the investigation of
each class must eventually consider the following phases of the oscilla-
tion problem:
1. To relate the source of these oscillations to their frequency
and amplitude
2. To determine how these oscillations are transmitted and ampli-
fied or attenuated by the various components of the pump dis-
charge system
3. To determine how these oscillations might be eliminated or
attenuated
4. To determine the effect r, f the pump transmission and generation
of oscillations on the rocket en g ine, i.e., the POGO problem
The essential features of each class of oscillation will be delineated in
the following discussion.
BLADE WAKE OSC ILLAT I ONS
The blade wake oscillations are the most common oscillations in the pump
discharge system at or near design flow. However, they are present at
all flows and may be more severe at off-design conditions, particularly
8
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as stall conditions are approached. The frequencies u" these oscilla-
tions can vary over it large range dependitll; on the speed of ro tntion of
the shaft and the number of vanes in the rotating hardware. Tijese t re-
quencies are easily defined, but the resulting oscillation amplitudes itre
not amenable to calculation. Furthermore, these oscillations will always
be prc^seut in the pump discharge, i.e., tile -generating function of the
oscillations cannot be eliminated although the frequency can be readily
changed.
`fn general, it l ► lade wake consists of low-ellerr;y fluid itl the hla , '4111
face boundary Layer. If the blade trailing edge is thick, flow ; t-114Ir41--
(ion will occur to thicken tile wake ful°ther. 	 Me blade wakes, colrtt) Ill4.4i
with the main flow between wakes, form a periodic flow pattern in the
blade-to-blade direction around tile pump periphery. To it blade row mov-
ing through the wakes of a preceding stationary blade row, the incoming
now pattern is unsteady. Likewise, to a stationary blade row downstream
of a rotatin;,Y blade row, the flow pattern is unsteady.	 Blade vibra t i o114
and fatigue failure may result from these unsteady flows.	 In addition
to -these m>ec.lutitical problems associated with the unsteady flow, this
flow field is responsible for setting up acoustics waves in the syste ►r1
which travel at tile acoustic velocity and which itre not damped nearly as
rapidly by viscous action as the blade wakes. It is these acoustic waves
which are measured far downstream of the blade row and which lead to
resonant conditions in the system resulting in oscillation amplitudes
several times larger than at off-resonance.
CAVITATION-INDUCED OSCILLATIONS
The notation cavitation-induced oscillations refers to the low-frequency
oscillations (0 to 50 cps) commonly found at the inducer inlet and in tyre
pump discharge as i,he NPSH is lowered. These oscillations derive their
c^
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name through the belief that the oscillations are self-excited in the
inducer and are inherently connected with the inducer cavitation process.
The belief that the oscillations are cavitation induced is based on their
observed dependence on NPSII. In particular, at high NPSii, these low-
frequency oscillations are not visible in test data. As the NPSIi is
lowered into regions of obvious inducer blade cavitation, the oscillations
appear; then, as the NPSII is further lowered into supercavitaation, the
oscillations generally completely disappear again.
STALL 08CILL ITIONS
As the flow through a pump is reduced from its design value, the pump
head is increased by virtue of the increased blade loading. At some value
of flow, the blade loading; will reach a limit, the blades will stall and,
generally, some form of unsteady flow will result. These oscillations
will be of particular importance for engines requiring wide throttling
and mixture ratio variations wherou stall is most likely to be encountered.
CONC IPSI ONS
Prinutry interest in the current program was directed toward the blade wake
oscillations. Essentially, all aspects of the blade wake oscillations
were considered, i.e., the oscillation generation, transmission, rein-
l'ol-rei',wi t or sul)vrposi t ion, and damping. A primary objective in the
current l)rogr€a ►ti was to delineate areas where current technological
"hi l i t ies could be all)i)lied and areas which require further analytical or
oXI)eril)leutal i1ivestiga)tions, and solutions were sought where possible.
10
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The cavitation and stall oscillation analyses were not as extensive as
that of the blade wake oscillations. For tLe cavitation oscillations,
this was partially because of the current lack of ability to treat till un-
steady cavity flow requiring the study of a quasi-steady model find because
of the necessity of extensive experimental and/or analytical efforts,
beyond the scope of the current program, to derive promising avenues of
approach to the solution of the unsteady cavitation performance. The
stall oscillation effort was de-emphasized on the basis that the currant;
engineering problem with regard to stall in turbopumps is how to prevent
stall, or shift the stall perforyilance curve, not how to cope with the
stall oscillations.
The entire program is primarily analytical, the experimental phases beingy
designed to corroborate and in some cases to supplement the unalytic;dl.
results.
11
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BLWE WAKE OSCILLATIONS: GIMMITION
OF ACOUSTIC WAVES
The blade wake oscillations have been classified as those oscillations re-
salting from the relative motion of a rotating and stationary blade row.
The flow leaving the upstream blade rrw is nonuniform due to both the
gradients in the region designated as the potential flow and the	 scour
boundary layers along the blade surfaces, but is periodic in the mean,
the period extending from blade to blade. This nonuniform flow appears
to the downstream blade row, which is in relative motion to that upstream,
as a periodic unsteady flow field which ;produces an unsteady pressure .load-
ing on the blades. Both the unsteady velocity field fat the entr y
 >ice of
the blade row and the unsteady blade loading are responsible for the gen-
eration of acoustic pressure waves.
The generation of acoustic waves is a subject of greater complexity and
less understanding then the transmission of such waves. Morse ttnd Ingard
(Ref. 2) immediately point out that the study of acoustic waves at their
source requires definition of what constitutes an acoustic wave. At a
distance from the source (i.e., the far field, the acoustic motion clearly
consists of those waves traveling at the acoustic velocity witli respect
to the medium; it is these waves which are of interest in the wave trans-
mission studies in this program. In the vicinity of the source	 (i.e.,
the near field), there exist unsteady motiOLLS, which may or may not be
the primary motion of the medium, which are not traveling at the acoustic
velocity. An example of particular interest in the present program are
the blade wakes at the discharge of the rotor blades. In a stationary
coordinate system, these blade wakes represent an unsteady flow traveling
through the discharge at the velocity of the medium. In addition, these
wakes are responsible for unsteady motions which also travel through the
13
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discharge (as well as upstream) at the acoustic velocity relative to the
medium. These motions are, in general, not nearly so rapidly damped out
by viscous forces. The blade wakes themselves rather rapidly lose their
identity and thus are not of concern at a distance from the rotor. How-
ever, at their origin, they must be taken into consideration, and distinc-
tion between those waves traveling with the medium and those traveling at
the acoustic velocity relative to the medium becomes very difficult.
In the present study, those waves which are traveling at the acoustic
velocity are of primary interest; therefore, only these waves will be
herein referred to as the acoustic motion. It is desirable to investigate
the origin of these acoustic waves and to correlate the amplitude of the
waves with their foreLig function. This, of course, requires investiga-
tion also of the unsteady motion3 in the fluid responsible for the acous-
tic waves. The only waves which will be given specific consideration in
	 r
the present study are those generated by the blade wakes from the last
rotor stage of the pump, although the techniques used will usually be
applicable to the general case.
WAVE EQUATION
Morse and Ingard (Ref. 2 ) present the derivation of the general wave
equation indicating the acoustic source terms and briefly describing each.
Altl ► ough the equation itself is not amenable to solutiun, the presence
of the source terms renders the equatir,n of particular interest. There-
fore, a portion of the derivation and description contained (Ref. 2 ) is
presented liere. Following the notation of Morse and Ingard, the mass
flow in the fluid is expressed as p V. and the total momentum flux b;r thei
teflsor :
	
t..	 P.. + PV. V.
	is	 rj	 i (1)
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Clearly, V,i represents the velocity vector, p is the density of the medium,
and Pij is the fluid stress tensor:
aV. aVF.
Pij - (P -µ 1v '
 Vi ) aij - µ2 L axl + a ] - Y b^ j -Dij (`')
J	 1
where P is the total pressure in the fluid, 6ij is the Kronecker delta,
Dij is the viscous stress tensor, and µl and 
11
2 are coefficients of vis-
cosity. Using this notation, the equations of conservation of mass and
momentum can be expressed as:
a [pv.
at + 
r	
= Q(xi' t)	 (3)1
and
alp V. ]	 at
a t	 + Ej ax .	 Fi x1 t	 '}J
in which Q and F  are source terms representing the time rate of intro-
duction of mass and momentum into the fluid, per unit volume. By elimin-
ating [a 2 (pv. xi at] from these two equations and subtracting (c2Q2p)1#
from both sides of the resulting equation, the general wave equation is
obtained:
2	 U.
a--10 - c 2 p2p = a -	 ax3. + v2 (P - c2p) +
at	 1
-a2 Di	 212 (p . V . )
E	
ax ax. + ax ax J1^J	 i	 J	 i	 J
15
rM
	 ROCiC1ETDYI^► B • A DIVISION OF NORTH AMERICAN AVIATION. INC
where c is the space average
(a2 Di j/a x i a x j ) appears to
thus changed here. The teri
tic source terms produced by
by inhomogeneities, motions,
of the velocity of sound. (The sign of
be incorrect in Eq. 2.1 of Ref. 2 and is
ns on the right of Eq. 5 represent tUe acous-
external forces, by injections of fluid, or
or losses in the fluid itself.
Continuing with the discussion by Morse and Ingard of the nature of these
terms, the first term on the right of Eq. 5 represents an injection of
fluid, and the second term corresponds to body or surface forces acting
on the fluid. The third term represents several effects, e.g., scatter-
ing or refraction of sound by variations in fluid temperature or composi-
tion, entropy fluctuations, losses produced by heat conduction, and gen-
oration of sound by heat sources. The fourth term represents the effects
of viscous losses and/or the generation of sound by oscillating viscous
stresses in a moving medium. The last term represents the scattering or
the generation of sound caused by the motion of the medium. These last
two terms are the major sources of sound in turbulent flow, but neither
they nor '',he third term are considered significant in the present study.
The first term must; account for the flow discharging from the rotor which
at a fixed point varies with time. The second term must account for the
existence of tongues, vanes, etc., in the flow path which exert forces
on the flow. For example, the unsteady flow field leaving the rotor pro-
duces tunsteady blade forces on the downstream stators, which generate
acoustic waves. The relative importance of the first and second source
terms was not initially obvious, and both were given some consideration,
the results of which are discussed below. however, before considering
the relative significance of these source terms in the generation of the
acoustic waves, the forcing function for each (i.e., the velocity field
leaving the rotor) is discussed.
16
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FORCING FUNCTION
The forcing function of the acoustic waves has been designated its the nonuni-
formity of the velocity field leaving the rotor. This velocity field must be
determined to permit an analytical investigation of the wave generation charac-
teristics of a particular pump. To determine this field analytically requires
that both a potential flow analysis and a boundary-layer analysis be undertalcen
for the rotor.
	
Methods are available which permit an approximate analysis of
the potential flow in a pump assuming some form of two-dimensional flow. These
methods have been rather thoroughly developed and are considered quite accurate
for axial or radial pumps where two-dimensional assumptions are adequate, but
much less so when the flow is not two-dimensional. Nevertheless, any effort
here to develop these techniques further is secondary to the main objective of
studying the generation and transmission of acoustic waves, given a forcing
function. That is, the overall problem may be viewed as consisting of two
aspects: (1) compute the unsteady velocity field the forcing funcLio ► i)
in the pump, and (2) compute the oscillations resulting from this field.
In the development of analytical techniques for handling these two aspects of
the overall problem, they may be treated individually. In keepit,g with the
intent of the present study, little effort was made to determine the forcing
.function or to develop methods which could be used to determine the forcing
function of the blade wake oscillations.
	 Rather, a primary effort was made -to
indicate the relative importance of knowing this forcing function. All efforts
which were expended to determine the oscillation forcing function are discussed
in the following paragraphs.
Totential Flow Analysis
Attempts to solve the three-dimensional flow problem in rotors of turbot>>achin-
ery in general, and centrifugal pump impellers in particular, usually meet with
some difficulty. For this reason, the attempt is frequently made to reduce the
three-dimensional problem to a two-dimensional meridional flow problem assuming
axial symmetry and another two-dimensional blade-to-blade plane problem.
17
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11mie er, (lie blade-to-blade solution influences the meridional solution
aml vornversely. Therefore, the two problems should be solved iteratively,
cotlt inljing by trial and error until all final velocities agree with
118sumed streamlines. This interdependence cannot be avoided, and effort is
made toward a solution in the expectation that convergence will be obtained.
Usually, the first step is a meridional solution, assuming axisymmetric
flow along with some assxned relation between fluid angles and blade
angles. The blade-to-blade solution on the stream surfaces determined by
the meriodional solution may then follow. The blade-to-blade solution
should result in an improved estimate of the fluid angles relative to the
impeller to be used for the second iteration.
The following are common assumptions used in the axisymmetric solution:
1. The relative fluid angle is the same as the blade angle at all
	 1
points alorig, the streamlines.
:?. The ro l.ative fluid angle is equal to the blade angle along the
stream surface up to some slip inception point and deviates from
the blade angle in a parabolic manner to an exit angle determined
by a slip factor, commonly that of Stodola or Pfleiderer. This
method suggested by Stanitz (Ref. 3 ) is an improvement over the
first assumption, but is not an adequate description of the rela-
tive fluid angle variation. The Stanitz suggestion does not, in
general, result in a blade surface velocity diagram that closes
at the vane trailing edge and by itself ignores the slip at the
leading portion of the vane.
.A more complete description of the mean relative fluid angle deviation
from the vane angle is therefore needed. This more complete descriptioi
can be obtained by use of conformal mapping methods of the blade-to-blal
18
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surface or by use of the method of singularities. Relaxation solutions
of the blade-to-blade flow are also available.
The approach taken herein seeks to determine the velocity distribution in
the blade-to-blade plane by a simple stream filament solution. The de-
velopment of the solution is presented in .Appendix A along with it compari-
son with other theoretical results. Only a brief description of the
theoretical procedure of the method follows here.
The blade-to-blade flow is first assumed to take place on an axisynuile,tric
stream surface. Given the blade geometry on this surface, the problem
reduces to finding the two-dimensional potential flow through the result-
ing cascade. The passage between adjacent '.lades is divided into three
regions separated along lines normal to the blade surfaces. These regions
are the channel flow region (where the blades overlap) and the entrtuice
and exit region. A. stream filament method (essentially the method of
F1'ugel) is used to obtain the flow in the channel region of the passzige
based on the following procedure. Because the s treaml ines downs I re-Ill o f'
the channel flow region are not known 'without the use of an "o % ; I( , I " ( v Iru,
relaxation) solution, the indiscriminate use of the stream f i 	 t i:w t lied
would not correctly indicate the fluid "slip" (or deviation from blade
direction) that occurs in the channel. The procedure used to circtunvent
this problem is to fix the streamline curvature and velocity distribution
at the exit of the channel flow region based on an acceptable slip corre-
lation (such as Pfleiderer's). This essentially fixes a boundary condi-
tion for the stream filament solution obtained further upstream in thc°
channel, and appears to give a good prediction of the way in which Jie
fluid slip or deviation is distributed in the passage. Thus, this allows
determination of the flow distribution in the channel flow portion of the
passage. The velocity distribution on the blades in the other two regions
is determined in an approtimate way through the application of the Kutta
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condition and a circulation valance over these regions. The resulting
velocity distribution is then used to determine the mass averaged rela-
tive fluid angle which is in turn used in an existing axisymmetric pro-
gram to obtain improved stream surfaces of the assumed axisymmetric flow.
As discussed in Appendix A, the above method did yield good results for
a numerical example involving a radial impeller, However, for a general
centrifugal impeller, the geometric manipulations required are not con-
venient for programming on the digital computer. Furthermore, recent
independent work has been completed by Katsanis (Ref. 4 and 5 ) which
covers analysis of the flow in both the meridional plane and on the
blade-to-blade surface. Ilecause the work,( by Katsanis has been programmed
by Um, Ella solution developed at Rocicetdyne has not been given further con-
sideration, althougli it appears to offer advantages in the solution of the
f i r.,t;	 aspect of the overall problem as discussed previously. 	 '	 M
Boundary-Layer Development
A survey was conducted of available literature on boundary-layer phenomena
to adopt a method of estimating the boundary-layer growth in axial and
centrifugal pumps. This literature survey indicates that most of the
research and study of boundary-layer phenomena was concerned only with
flat plates and stationary cascades. Very little activity is devoted to
bosundary-layer development in rutating machinery, particularly pumps, be-
cause of the complexity of the problem.
Three papers were found which treat the problem of boundary-layer develop-
mv,nit on rotatingr
 blades. The first paper by Fogarty (Ref. 6 ) treats an
idealized case more applicable to propeller blades than pump or compressor
blades. Calculations were made in the region of the blade where flow is
20
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predominnntly chordwise (across the blade) and where the Reynolds n ►unber
is small enough such that the boundary layer is laminar. The potential
flow field used by Fogarty was initially developed by Sears (Itef. ; ).
The two different cases treated were flow over a rotating plate and flow
over a blade with thickness. One of the conclusions drawn from calcula-
tions in both cases is that the effects of rotation are small, This con-
clusion is not surprising, considering the complexity of the bowulary-
layer equations involved and the si.-P,)Iifying assumptions that must be
made in the analysis to permit solution,	 flow-ever, this conclusion is not
consistent with experimental data.
The second paper by Rott and Smith (Ref. S ) discusses the application of
Fogarty's results in the presence of both positive and negative chordwise
pressure gradients and uses the two-dimensional solution for the Falkner
and Akan velocity distribution for the boundary layer along; the blade.
The third paper by Johnston (Ilef. 9 ) presents an investigation of the
three-dimensional turbulent boundary layer over a stationary cascade
wliere momentum integral equations were developed for the boundary layer
flow under a radial pressure gradient.
It should be noted that in rotating machinery, losses and secondary flows
are important and are due to many sources which cannot be determined
with the sam« ease and accuracy as in stationary cascades. The investiga-
tion of these secondary flows and the manner in which they redistribute
the low-energy, boundary -layer
 fluid is quite complex and significant with
respect to the influence of the flow distribution on the generation of
acoustic waves. Furthermore, the boundary layer in a turbopump nenerally
is not
	
laltt.inar, but turbulent. Thus, additional turbulent stresses due
to velocity f luctu.atious trust be given consideration. As a result, the
approxiatate methods used in investi gating laminar boundary layers are not
rM
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in themselves sufficient for analysis of 6urbulent boundary layers.
Itather, for the turbulent case, resort always :oust be made to empirical
information to complete any analysis.
STATOR STI-ADY PIUI:SSUUI,' DISTRIBUTION
In the introduction to this section, it was pointed out that acoustic
waves are generated by two related mechanisms: (1) the unsteady velocity
field at the entrance of a blade row, and (2) the unsteady pressure dis-
tribution on the blades as a result of the unsteady flow field. These
two cases represent a velocity and a pressure source function, respec-
tively, and will be referred to by those designations. The relative
importance of these two sources was not immediately known, and emphasis
was initially placed on the pressure forcing function. As a result,
techniques for determining the unsteady pressure distribution on a stator
blade (which rimy be a set of diffuser vanes or simply a volute tongue in
the path of flow downstream of the rotor blades) were pursued. It was
later determined that the velocity forcing function was the predominant
source of generation of the acoustic waves, as is demonstrated in a later
section. However, because both source terms were given some considera-
tion, the results of the stator unsteady blade loading study are briefly
presented here and in Appendix B.
In the literature, the unsteady pressure loading resulting from a rotor-
stator combination has been investigated as a function of four effects
which have been designated as the circulation effect, the blade thickness
effect, the wake effect, and the wake distortion effect. The analytical
sieve lopinent. of each is based primarily on the two-dimensional theory of
the unsteady flow about a thin airfoil which is discussed quite exten-
sively by Durand (Ref. 10). The circulation and blade thickness effects
22
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are a function of the potential flow, while the wake and wake distortion
effects are associated with the boundary-layer flow. From the potential
theory of flow about thin airfoils, it is known that the steady flow
about the airfoil can be adequately described by replacing the airfoil
with a vortex system distributed along its length. These bound vortexes
rust be determined to achieve the proper velocity distribution and the
correct total circulation about the airfoil. If the velocity vector
incident to the airfoil changes, a change in the TMound vortexes and the
circulation results. To maintain conservation of moment of momentum,
any change in circulation about the airfoil results in a shedding of
vorticity in the wake of the airfoil which vorticity travels with the
velocity of the medium. Therefore, if the incident flow is unsteady, the
airfoil circulation io unsteady, and there is a continuous wake of vorti-
city trailing the airfoil.
Consider a stator-rotor (or rotor-stator) combination which might ideally
be represented by two infinite cascades in relative motion. Kemp and
Sears, who investigated the circulation effect (Ref. 11), point out that
the velocity profile (or blade loading) about any one blade is induced by
(1) its own vorticity wake, (2) the bound vortexes representing other
blades in its own cascade system, (3) the wakes from these blades,
(4) the bound vortexes representing; the blades in the adjacent cascade
system, and (5) the wakes from the blades in this cascade. Each of these
vortex systems contains unsteady components, but the bound vortexes of
(2) and (4) are assumed to contain steady-state components much larger
than the unsteady components. These authors (Ref. 11.) then indicate that
consideration of all of the above vortex systems results in insurmountable
difficulties; therefore, they neglect all vortex wakes but that of the
blade of interest; they neglect the bound vortexes of the other blades in
the same cascade; and they neglect the unsteady component of the bound
vortexes in the adjacent cascade. That is, they neglect entirely the
23
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effects eont,^Uned in (2), (3), and (5) and the unsteady component in (4).
This assumes that the steady component of (4) is the main contributing
factor to the unsteady loading of the blade of interest, at least as far
as the circulation effect is concerned. Assuming; flat plate compressor
cascades, the authors (Ref. 1.1.) carried out numerical. calculations which
resulted in fluctuating; lift components as great as 18 percent of the
steady lift. Thus, the unsteady loading can be computed oxt a stator
blade dur to the steady-state circulation on an upstream rotor blade.
The re9ulti g ► equations are rather unwieldy, but can be used.
Tlie blade thickness effect considered by Lefcort (lief. 12) is an attempt
to :improve the total potential flow effects on the unsteady blade loading
'by taking into couside.ration the blade tLicicness which Kemp and Sears
neglect. The effect of blade thickness is treated in a somewhat artifi-
"izcl manner, separately from the circulation, i.e., the vortex distribution
along the blade is not corrected to account fGr thickness. The blade
thicluiess to which can be added a boundary-layer thickness (e.g., the
displacement thickness of the boundary layer) acts as a blockage to the
flow requirin g a speed up of the flow in the blade-to-blade region. As-
stuning an average bride thicliness, h, and an average velocity, V, rela,-
tive to the blade, the blade tends to block a flow of Q = Vh per unit
depth of blade. Lefcort rep.: aces a blade of the rotor cascade with a
source of strength Q which source is traveling relative to the blade upon
which the unsteady loading is to be computed. This relative motion of
the source and blade induces the unsteady loading which can be computed.
From experimental results, Lefcort concludes that the blade thickness
effect can result in unsteady forces between 12 and 25 percent of the peak
unsteady force. however, this effect remains a second-order effect, pos-
sibly no more important than some of the items neglected in the study of
tl ►e circulation effect.
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The wake effect considers the unsteady forces on a downstream blade pass-
ing through the viscous wakes of an upstream system of blades. Kemp and
Sears (Ref. W considered this effect by using empirical data from situ;le
airfoil tests to describe the viscous wake from a cascade. Using unsteady
thin airfoil theory, they computed the unsteady loading on a downstream
blade passing through these wakes. Using for an example problem the same
numerical values as used in computing the circulation effect, hemp and
Sears arrived at unsteady f:;rces from the viscous wakes of about the sane
size as those from the circulation effect.
As the viscous wake encounters the downstream blade, 	 the walcv	 is	 dist,orted
so that the wake width grows on the pt • essure side of	 the blade 	 and	 shl-1111cs
on the suction side.	 Meyer (Itef. I li) ittvest ih ated this wake dist.oi-Lion
effect,
	
and Lefcort (fief.	 12) discusses this work. Meyer showed	 thtIt the
distortion in the wake width as it vissed over the blade was of the samo
order of magnitude as th e wake width itself.	 The effect of' the wake dis-
tortion on the unsteady loading is concentrated in the vicinity of the
wake.	 `bus, this wake distortion effect is also a second-order offeet,
tending to correct results obtained from the wake effect after the wake
reaches the blade.
The application of these four effects to determine unsteady blade loads
in a rotor-stator combination meets with some difficulties, particularly
due to the rather extensive mathematical manipulations required for each.
As a result, the wake distortion effect and the blade thickness effect
were neglected because they tend to be of second order. The immediate
area of application is with a centrifugal (mixed-flow) impeller which is
actually outside the range of applicability of the circulation effect.
ana Cvsi s which requires the vorticity distribution for the impeller to be
in a two-dimensional plane. Thus, only the viscous wake effect was pur-
sued to the extent of application.
25
"o6
t
I
[I'to)siOCiCETl7Y1vE3 0 A DIVISION OF NORTH AMERICAN AVIATION. INC
The analytical procedures developed for studying this wake effect have
been programmed on the digital computer to permit ease in numerical cal-
culation. A brief discussion of the derivation of the equations and some
numerical results are presented along with the computer program, in Appen-
dix B. By letting
p	 fluid density
V	 = mean fluid velocity parallel to blade
w(o) _ peak wake (or, unsteady) velocity component perpendicular
to the blade
b'	 = dimensionless wake width = ratio of wake half-width to
chord half-length
-then the maximum pressure at a given dimensionless position on the blade
is approximately
	
p 1d Z pV w(o) 'V b'	 (6)
wliere K is a c(:.s ­ `ant for a given position on the blade. At a dimension-
less position of -U.8 which is 20 percent of the half chord length from
the blade leading edge, the constant K averages over four values at
K - 2.19, the maximum deviation being about 8 percent.
Note that w(o) is defined above to be the unsteady velocity component
perpendicular to the (stator) blade. Generally, a stator blade, diffuser
blade, or a volute tongue downstream of the last rotor blade is designed
to leave zero incidence angle of the mean velocity vector at the design
:flow. Therefore, if the mean tangential fluid velocity is c u and the mean
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velocity in the direction perpendicular to the tangential (i.e., the
radial direction for a radial discharge centrifugal pump, the axial direc-
tion for an axial pump, and in between these for a pump with a mixed flow
discharge) is cn, , then the stator blade is at an angle cp such that
ton c0 = cm/cu	 (7)
as sketched .1el.ow.
Stator blade
c	 Ac
11	 U
By letting Ac  and Ac  represent the unsteady _ -mponents of velocity
in the direction of c u and cm , respectively, and AV  and AV  represent
the unsteady components of velocity in the direction tangential and per-
pendicular tc the stator blade, respectively, it is obvious that:
AV  = Ac  coso Ac  sincp	 (8)
AV  = Ac  sincp + acm coscp	 (9)
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- C	 — -- tan(p
AC
u	 c
u
(10)	
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The fluid in the vicinity of the rotor blade forming the viscous wake of
that blade has the smallest velocity relative to the blade. Therefore,
this fluid has the largest velocity in the tangential direction and the
:smallest in the am
 direction so that Lc  has a maximum positive value
and Ocm has a minimum (negative) value. Converlvely, near the center of
the blade-to-blade plane, Ac  has a minimum (negative) value and Ac 
it maximum (positive) value. the sign of Oc m
 is seen to be the negative
of the sign of Lsc u
 for the worst conditions.
.Assume that for the maximum conditions of unsteady flow components the
ratio of the magnitude of the unsteady components is approximately equal
to the ratio of -the mean components, i.e.:
Substituting Eq. 10 into 1^11q. 8 and '1 and taking into consideration the
re lative signs of Lac
u a
►id A—,-- 
in , 
then,
^Vt	
cosp i- tanq sincp =11Ocu cos ( 11)
1111d
AV
Ac = sincp — tamp coscp 0	 (12)
u
13ecause the assumption leading to Eq. 10 is considered reaoonable, the
unsteady velocity component perpendicular to the blade, which component
is responsible for the unsteady blade loading, is expected to be much
lass, in amplitude than the tangential component for the worst conditions.
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It was suggested earlier that the analytical techniques for computing the
unsteady blade loading could be applied to the case of a rotor blade
passing a volute tongue to compute the tongue unsteady loading. This
case is clearly outside the range of application of the analyses, for tile
analyses assume a stator blade wake with a determinate 'wake vorticity
distribution which contributes significantly to the unsteady blade load-
ing. The volute tongue has no blade end, therefore no wake. In applying
these analyses to the volute tongue, it is assumed that the analyses will
predict the unsteady loading near the tongue leading edge. That is, the
tongue is replaced by a blade of given chord the choice of cliord is
rather arbitrary, since the tongue has no chord and only the loading clear
the leading edge to the first quarter point of the chord is considered.
The • rror resulting from this application has not been established. Also,
the load cannot be computed right at tale leading edge of the blade be-
cause of a singularity there.
WAVE GEN1,111TION
Generation of Waves by Blade Loading
Two rrieclianisnis for gene ru,,.ing acoustic waves by pump blade wakes have
been noted--generation by an unsteady velocity field at the entrance of
a 'lade row and generation by unsteady blade loadings. These mechanisms
are related by tlrc fact that the unsteady blade loadings are the result
of the unsteady velocity field. Expressions for the acoustic pressure
wave generated by each type of source are given here to indicate the rela-
tive expected amplitude of each and, therefore, to indicate the relative
importance of each.	 The first case to be presented is that of the blade
loading source function, because this was the initial source of interest
and the source which received the g reatest investigation.
O9
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Again, the excellent work of Morse and Ingard (Ref. 2 ) will be consulted
to establish the source functions. The radiation (or generation as used
here) of waves into a medium surrounding a plate by unsteady forces on
the plate surface is a coupled problem requiring solution of the equation
of motion for transverse displacement of the plate as well as solution of
the wave equation in the medium. The two solutions are coupled by the
boundary conditions which require continuity of both the normal velocity
and pressure across the fluid-plate interface.
The plate is assumed to be of infinite extent t j permit ease of solution.
The plate .lies in the x, z plane and is characterized by a mass b per unii
area, elastic modulus E, and Poisson ratio Q.
	
The plate is assumed to be
homogeneous and isotropic with uni.forn thick-ess h. The plate is further
assumed to behave such that the deflectionu are small relative to the
thicimess. In keeping; with Ref. 2, the density of the fluid medium
above the plate is assumed to be large compared to that below the plate
so that the medium below does not affect the motion of the plate. This
is, of course, not the case for the stator blades in a pump, but this
assumption does not change the results significantly, certainly not by an
order of magnitude which is all that is of interest at present. The
fluid medium above the plate is characterized by a mass density p and an
acoustic velocity C.
The equation of motion for transverse displacement of the plate is:
,	 3	 2	 7
ar' w + 	Eh ^ 2 C a 2 + a 2 ) w]= f orce
at`
	
12) b (1 - Q )
	 ax	 az
(13)
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The plate is assumed to be subjected to a force F W exp (iCx + iWt
per unit at-ca. The resulting displacement must then be of the form:
w = Aeit x + i Wt
	
(lit)
The pressure in the fluid medium due to the radiated waves will contain
another term to indicate the variations in pressure with distance y above
the plate. Morse and Ingard give the form of this pressure as
e icx + y J^` - k2
p	
+ i Wt
(1^^
using the format of the present work. This dependence of the pressure on
the height is not obvious, and a discussion of the derivation of this
result is in order.
The simplest source of sound waves is a sphere uniformly expanding and
contracting su%!h that a harmonic volumetric flow Q exp (i Wt) is intro-
duced by the sphere in the radial direction, and the flow is zero in the
other directions. For very long wavelengths, spherical waves radiate out
from the sphere, and if the medium is unbounded so that no wave reflec-
tion occurs, then the pressure at a radial distance r from the center of
the sphere is:
p(r, 	 i- W Q e i kr + iWt	 (16^
- 4 1T r
The flow can be written as Q = 41T a2 v, where a is the radius of the
sphere and v its radial velocity amplitude, so that
ikr
p ( r , t) = iBl e r v e iW t	 (17^
31
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where B1
 is a constant. In the present case, a plane is vibrating with
velocity:
aw
at iw 11 e icx + iWt t iB2 e icx + i Wt
Because the deflections are assumed small, the plate is essentially plane,
and each point of the plane can be assumed to radiate waves in a spherical
direction, the waves in the plane being neglected. Therefore, the pres-
sure at some point (x, y, z) above the plate will be
M	 ikr
p ( x , y , z, t) = - B3 M e r	 eicxo + iWt dxo dzo (18)
where
2	 `^	 2r = ti ( xo - x) + y	 0+ (z - z) (19)
Substituting x' " x  - x, z° = Z  - z and simplifying yields:
2	 2	 ,2
p ( x ,Y, z t) - -B e icx+ iWt 
rao 
e icx° 00 e ik x + y + z [dz 'dx' ] (20)3	 J
-m	 -co	 x ° + y + z'
Using the tables given in Ref. 15, these two integrations can be performed
its follows:
ao	 ,
p ( x ,Y, z , t ) = - B3 e icx + iWt	 eicx i7T o	 [k(1)	 x, + y ^^,
32
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where Ho(1) (kx) is the Bessel function of the third kind, more commonly
called the Hankel function, with order zero. Now exp ( icx ) ' cost x •+
i s in S x , and
if 1) 	 x"+ y2 w IIo 	 x')`+ y[kV	
^	 C	 ^
si.nCx = - sinC (- x)
coscx =	 cosc (- x)
so that
0
J i sinc x' ',i0	 Lk x''" + y`	 dx'	 0
m
and
p m= - i?f 2Bz e i c x + iWt (^ coscx'1Io (1)
 Llc^x'- _I• y` J c:x' (21)
J	 J0
From Ref. 15, this can be integrated to yield:
2	 2
e
+- iy	 Ic	 -
V'1 2
	 f;	 i f Ic > ^ > 0
- 
C2
p - - i iT 2B- e icx 11+11 iWt	 (22)
- ie Y '\/ k` - 
^2
r	 ---- if >  k> 0
2
This pressure is of the same form as that in Eq.	 15 if k >	 If k < C,
then the term (y\S` - k2 ) in Eq. 15 must be changed to (- y	 k2 - ^2)
33
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Returning to Eq. 14 and 15, the constants A and B can be evaluated by
applying the boundary conditions. The first boundary condition requires
that the normal velocity of the plate be equal to the velocitv in the
y direction of the fluid at y = 0, or:
i	 aP(x2o§z't) .. aw	 (23)P w	 ay	 at
The second boundary condition requires that the cum of the forces on
the plate equal the inertia of the plate. The forces on the plate in-
clude the applied force F(C), the back pressure of the fluid medium
p(x, o, z, t), and the net plate shear forces in the normal direction.
Therefore :
F(C) e icx + iwt + P( Y P o, z, t ) -	 324=	 w1 - a2 ax4 	a t2 (24))12	 1(	 )
Substitutiri; Eq. 14 and 15 into Eq. 23 and 24 and solving for A and B
yields:
A	 F
1;h3 4	
- a 12 +	 P w2
12 ( 1 - Q`)	 1=(k2 - 1
F
-1.0 b - k2 - 2 ± Eh3 C4P	 12p w2 (1 - Q2)
and
B =
(^5)
(26)
where the top sign applies if k > and the bottom sign applies if C > k.
In cither c;.:oe, the radial [:.(k2 - ^ 2 )] 1 ` is imaginary so that the
denottLinator in both Eq. 25 and 26 is complex. Furthermore, the absolute
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magnitude of this complex denominator uoe g not change in the two cases,
but the phase relationship does change.
The pressure generated depends strongly on the relative values of r and
k. The term k is, of course, the wave number (: W/c ) associated with
the period cl the oscillating force in time. The term C is seen from the
external force term to be similar to a wave number associated with the
period of tlAQ oscillating force in distance. In the present realm of
application unsteady velocities are causing the external forces on blades
downstream of the last rotor stage. These velocities travel parallel to
the surface of the blades at some mean velocity V with an apparent wave
number in distance of :
C = W/V	 (27)
Therefore,
C/k = c /V = l/M	 (28)
where M is the Mach number of the flow relative to the blade. Substitu-
ting Eq. 28 into Eq. 26 yields:
B =
F
-1.0 .t. [ a ] k
	 ^- M2	 1 r12 + E113 k " *' (
M2	 I)/
 M`
p	 (	 - )/ 12M4pW2(1-v`)
(29)
The absolute value of the pressure is:
1131  =	 2	 I F 1	 2	 1 /1)  ( 30 )(M - 1)
	 Eh3 k5	6k
C	 C	 !k	 2	 2 -	 ) + 1.0M2	 12M p W (l - Cr )	 p
35
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Dater, this equation will be used to indicate numerical values of the
gene-, • ated pressure waves.
Generation
 of Waves by Velocity Field
To determine the wave generated by the unsteady velocity field, it is
more convenient to assume conditions w-re applicable to the pump discharge
oscillation problem than was the previous case. It is assumed that the
waves are generated by an unsteady velocity field of a single frequency
at the entrance of a closed duct. The duct cross section is assumed to
be in the x, y plane. The duct length is assts-w d to be parallel to the
z axis and extending to infinity so that there are no reflected waves.
In such a case, the pressure in the duct will have the form
p = E A. ^'^ (x, y) eAiz + iWt	 (31)
J
where c is the eigenfunction solution of the equationj
V`" C^ + na CD.
i
 = 0	 (32)
satisfying the boundary condition that 4) ( b CD i /an) is proportional to
the duct wall impedance. The ;. j t s are the eigenvalues, n is the direc-
tion of the normal to the duct wall, and
k. 2 =k2 - ^.2J	 J
Equation 32 will be derived in the following section.
36
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The walls of the duct are assumed to be rigid in which case Morse and
Ingard point out that the eigenvalues
crease with increasing j. (Also, for
wall.) Therefore, from Eq. 33, it caa
%n -1 S k, x  > k. For all j ; s such
wave amplitude attenuates rather than
will. have little effect downstream of
are all real and continuously in-
rigid walls b ^ /an = 0 at the
2 be seen that for some j = n,
that j Z n, Eq. 31 shows that the
propagating such that these waves
the source.
The unsteady velocity field is assumed at the end z = 0 aa. in the z
direction and is denoted as v(x, y) el wt, For Eq. 31 to fit this boundary
condition:
1	 aP
 I
- i.p az
z = 0
= v(x, Y) e'Wt
or
(34)
(35)F k. A. ^j (x, Y i = P W v(x, Y)
The eigenfunctioas are orthogonal such that the Euler-Fourier formula
can be applied to evaluate the Fourier coefficients A P yielding:
Aj
`PW jjv(x, Y)^.(x,y)dxdy
= 36)k.j,
 c'.2
 (x , Y) dx dYJ	 J
For the case of rigid walls as assumed here, Morse and Ingard demonstrate
that a superimrsetid i,niform flow of velocity V does not change the
37
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eigenfunctions or eigenvalues of the problem. Therefore, this effect is
easily incorporated, resulting only in a change of Eq. 35 to
V
r %'
k	 2 (1 _ M2) + kM
	j	 (1 _ M-)
where M is again the Mach number (= V/c).
To render the equations practical for numerical calculations, the duct
cross section must be specified, and the velocity at the inlet must be
defined. Therefore, the duct is assumed to be rectangular with dimensions
,t;x and ^y
 in the x, y direction, respectively. The velocity at the inlet
is assumed uniform in the x, y plane (= Vo ). wILth these assumptions, the
following equations can be immediately derived:
4). (X, Y) = Cos L T- Cos L -z-my Ix I	 y
	
712 .	 _ ^ 2 + 1fm 
2
	
m L^	 LtJ '	 x	 Y
—p W V
k/(1 - M
A=
J
0
if j = m = 0
if j ^0, orm^0
The pressure in this case reduces to a simple fora
p = —pc V 0 (1 - M) 
e ikz/(1	 M!	 ^,.^t	 (38)
as would be expected. The absolute i. of '^,he pres^."e is equal to
p c V  (1 - M) assuming M < 1.0.
38
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Comparison of Wave Strengths
The absolute values of the pressure waves generated by the blade loading
and the velocity field will now be compared using parameter values common
to the Mark 10 pumps. The pressure wave generated by the loading (= Pl)
is ..aamputed from Eq. 30•where `the absolute value of the pressure force is
assumed given by Eq. 6 with w(o) = AV , K = 2.2, and V = 1.0. The pres-
sure given by the velocity field (= P 2^ is computed from Eq. 38. The
pertinent data required are given below, but the units musi; be changed in
carrying out the calculations to obtain consistent units.
Parameter
and Units
Mark 10
Fuel Pump
Mark 10
LOX Pump
E, psi 10.5 x 106 10.5 x 106
6/h, lb/in. 3 0.10 0.10
h, inch 0.5 0.5
v 0.3 0.3
W, sec-1 3470- 3470*
c, fps 4410 3100
P, lb-sec 2 /ft 4 1.57 2.22
V, fps 208 152
M 0.047 0.049
k, ft-1 0.788 1.12
*Assumes a 6-vane impeller rotating
at 5520 rpm
39
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Using the above values, the pressure ratio for the two Mark 10 pumps is:
10-4 AVp/ '6Vt	(fuel pump)
Pl/P2	 (39)
2.5 x 10-5 pVp/ AV 	 (LOX pump)
Therefore, the waves generated by the unsteady pressure loading on blades,
or vanes, downstream of the last rotor stage are seen to be negligible
in comparison to those generated by the unsteady velocity field source.
As a result,, the unsteady loading and associated waves need not be con-
sidered in computing the pump discharge pressure oscillations. Also, a
rather quick estimate of the strength of the wave generated in a pump
discharge system by an unsteady velocity field at the entrance to the dis-
charge can be made by using Eq. 38 with an average unsteady velocity com-
ponent. The amplitudes of the waves actually measured in a pump discharge
system will depend strongly on the system response characteristics dis-
cussed in the next section. Equation 38 assumes an infinite duct with no
reflected waves.
EXPERIMENTAL PROGRAM
Test Facility and Instrumentation
A test program was conducted in support of the analytical investigation.
The objective of the test program was primarily to establish experi-
mentally typical velocity fields at the discharge of centrifugal impellers
as a function of distance from the impeller. This would establish the
velocity forcing function for the particular impeller tested. Secondary
40
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objectives included measuring the dynamic pressures on a volute tongue
and measuring the dynamic pressures downstream due to the acoustic waves
to attempt a correlation with the velocity field data.
The tests were conducted in the Mark 10 air rig (Fig. 1) using two each
LOX and fuel pumps with impellers of both 6 full vanes and 6 full-6
splitter vanes referred to as 6+6 impellers. The air rig combines flexi-
bility and rapidity of testing with economy. In addition, testing in air
permitted use of hot-wire anemometers to measure the dynamic velocity
field as required to meet the program objectives.
Static pump discharge pressures are measured by water manometers connected
to piezometer rings and pitot probes. Flowra^A is measured by ASME
nozzles and orifices, and pump speed is measured by an E-PUT meter.
Dynamic pressure measurements are made with flush mounted +rarsducers and
recorded on magnetic tape to permit analog computer analysis. Gez.,,rally,
these transducers are mounted in the ducting downstream of the pump in
which case Endeveo transducers can be used because the duct can be signi-
ficantly mechanically isolated from the pump. However, in the present
program measurements were desired along the volute outer wall where
mechanical vibrations are rather severe. To prevent this vibration level
from interfering with the data, Kistler 606L transducers were used be-
cause of their vibration compensation characteristic.
The pressure measurements along the volute tongue were made with Schaevit,z-
Bytrex transducers which have no vibration problem (being a semiconductor
strain gage type of transducer). These transducers are approximately
1/8 inch in diameter and were cut to give a total length including the
wire shield of 3/8 inch to permit mounting in the volute tongue,
41
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The dynamic velocity data were obtained with a Thermo-Systems, Inc.,
constant temperature hot-wire anentometer. Original efforts were made to
use the anemometer on loan from NASA, but after several attempts to make
the anemometer operational failed, a new anemometer was ordered. Unfor-
tunately, this delayed the test program by about 3 months with the result
that only a cursory analysis of the test data was possible in the con-
tractural period.
Two anemometer modules were purchased with a proper power supply and
probes. The anemometer modules are linearized to produce a linearized
output signal from the conventional fourth power voltage to velocity
velationship. However, the linearization is achieved through diode cir-
cuitry rather than using an operational amplifier such that linearity is
not maintained throughout the indicated range, the lower 5 percent of the
velocity range being nonlinear. The particular linearized velocity 1•;:.age
for the air rig tests was 0 to 300 ft/sec. The probes used were standard
with 1-mil-diameter sensors which have a constant frequency response up to
about 5000 cps, which is beyond the range of interest in the present study.
Test Procedure
Essentially all tests were conducted by setting a pump speed and a nominal
flow and recording a 30-second slice of data from all dynamic instrumenta-
tion. The pump speeds used were 2100 and 2280 rpm for the fuel and LOX
pumps, respectively, since these values had previously been found to give
minimum mechanical vibrations.
The locations of all the dynamic instrumentation on the volute are shown
in Fig. 2 . Stations designated as "A" refer to anemometer stations, "B"
to Bytrex transducer stations, and "K" to Kistler transducer stations.
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Instrumentation Locations - Mark 10 LOX and Fuel Volutss
Stations A - t Hot-wi" Anemometer
"	 B - t Scbaevits-Bytrez Pressure Transducer
"	 K - t Kistler Preeeure Transducer
Station A-1
^'	 I	 I
i	 I
^	 I
Station K-3 I
Station A-4
2 5 ^^^
B - ?Statione
0 or L
Station Fuel
Volute
WX
Volute
A-1 00 0°
A-2 500 470
A-3 102 950
A-4 11.3" 1102"
K-1 660 550
K-2 1050 1020
W 1	 9.711 9.611
Figure 2. Wave Generation Test Program Instrumentation Locations
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Of course, with only two anemometer modules, only two anemometer stations
could be usecl in a given test. Not shown in the figure are the downstream
ducts, one of which contained two more Kistlers to measure acoustic waves
and an Endevco transducer mounted to pick up vibration levels.
The anemometer measurements were generally made initially at 1f8-inch
radially from the impeller tip (except for A-4 which was initially 1/8-inch
from the splitter vane) and then at radial positions determined by moving
the anemometer outward successively by 1/4-inch steps until the outer wall
was reached (or for A-1 until the splitter vane was reached. In each
position, two orientations of the anemometer sensor were required. First,
the sensor axis was parallel to the axial direction of the pump. Assuming
a zero axial velocity component in the pump discharge, which 1.;^ rue except
for secondary flows, this first orientation will yield a measurement of
the total velocity vector. In the second orientation, the sensor axis was
tangential so as to measure the radial velocity component only. The
tangential component could then be computed from these -two.
Additional variable-flow tests were performed to establish stall oscilla-
tion characteristics, but these tests are reported in a later section.
Test Results
Some typical raw (i.e., unfiltered) data obtained from the hot-wire anemo-
meter are presented in Fig. 3 through 7 . The first two figures present
the unsteady portion of the total velocity vector, assuming no axial flow
component, at stations A-1 and A-2, respectively, for the 6-vane LOX im-
peller as a function of radial distance from the impeller tip. The second
two figures present similar data for the 6+6 vane fuel impeller. Figure 7
45
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Figure 3. Velocity Oscillations at the Mark 10 LOX Impeller Discharge
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Total Velocity Vector An A Function Of Radial Distance (R)
From The Impeller Tip
6 Vane Impeller — Air Rig !facility
Speed	 2280 rpm — Nominal now
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Figure 4. Velocity Oscillations at the Murk 10 LOX Impeller Discharge
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Total Velocity iector As A Function Of Radial Distance (R)
From The Impeller Tip
6+6 Vane Impeller — Air Rig Facility
Speed = 2100 rpm — Nominal Flow
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Figure 5. Velocity Oscillations at the Mark 10 Fuel Impeller Discharge
Y, 8
STATION ,'2
^S
i
MCPCiCMT"1b1M8 • A DIVISION OF NORTH AMERICAN AVIATI'. I N. INC
Total Velocity Vector As 1 !unction Of RadiAl Distance (R)
From The Impeller Tip
6+6 Vane Impeller — Air Rig FsoilitV
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Figure 6. Velocity Oscillations at the Mark 10 Fuel Impeller Discharge
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Figure  7. Velocity Oscillations at the Mark 10 LOX and Fuel Impeller Discharge
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differs from Fig. 3 through 6 in that it presents only the misteady
radial velocity component rather than the total velocity vector. This
radial component is presented from station A-1 for the 6-vane LOX impeller
and station A-2 for the 6+6 vane fuel impeller. (In the following dis-
cussion, the unsteady total velocity vector and the unsteady radial velocity
component are constantly referred to, but the adjective "unsteady" is not
always included for conciseness. It is understood that the quantities
discussed in this section are always only the unsteady portion of the
quantity unless directly expressed to the contrary.)
Large variations exist in the data, as expected, and there are not enough
data presented in the above figures to indicate an average behavior. To
attempt to present a random sample of the data, each slice of data on a
given figure was taken after an equivalent number of seconds from the be-
ginning of the test record. Note that the full-scale amplitude of each
individual truce is the same for a given figure but may vary from figure
to figure. Also, an equivalent time slice for a single pump revolution,
or a frection thereof, is denoted on each figure and is the same for each
strip o,F data on that figure.
A comparison of the oscillation amplitudes of Fig. 3 through 6 reveals
that the amplitudes of the total velocity vector differ by a factor of
from 2.0 to 3.0 for the two stations of the same impellers. This discrep-
ancy is due to incorrect amplitude readings which will be discussed below.
For the present, this discrepancy will be ignored, and attention will be
focused on the wave shapes, clarity of the data, and the relative amplitudes
for strips of data on the same figure.
Near the impeller tip, the blade wakes are clearly discernible, but at a
radial distance from the tip of approximately 1 inch, the blade wakes can
r"
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hardly be identified. Th o amplitudes are also seen to decrease with in-
croasin^, distance from the impeller, apparently uniformly. This will be
more accurately determined below. The zero value of velocity is suppressed
on these figures, but the positive direction in each case is towards the
top of the page.
The wave shape near the impeller tip is of interest, being more nearly a
sawtooth wave than a sine wave. The velocity of the fluid relative to the
rotating impeller blade, iF; expected to be high on the trailing (suction)
surface and low on the driving (pressure) surface of the blade. The veloc-
ity relative to a stationary coordinate system, which velocity the anemometer
measures, reverses this trend, as is shown in the figures indicating; a
proper impeller performance. Velocity measurements behind a stationary
cascade would indicate a much more uniform blade—to—blade flow due to the
absence of the rotational effect. The wave shape also changes with dis-
tance from the impeller, the sharper gradients being more rapidly smoothed
such that a sine wave representation is probably more accurate than the
sawtooth wave at radial distances greater than approximately 1 inch.
The radial component presented in Fig, 7 behaves significantly different
from the total vector. Its amplitude is, of course, less than the total
near the impeller. However, the amplitude of this component does not de-
crease significantly with distance from the impeller. As a result, the
amplitude of this unsteady radial component eventually becomes approximately
equal to that of the unsteady total vector. This persistence of the un-
steady velocity radial component is not surprising since a radial disturbance
tends to propagate radially outward in contrast to the total velocity vector.
Actually, the mean velocity vector describes a spiral path from the impeller
tip to the volute discharge. Thus, measuring the velocity at small incre-
mental distances in the radial direction is equivalent to rather large
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incremental distances along; tWie spiral paths described by Vie 111ean vel oc, i ty
vector. Therefore, the mixing length for a radially propagating distur-
bance is much less than that of the spirally propagating distrubance such
that the radial disturbance is not damped nearly as rapidly at a given
position.
Actually, the ratio of these mixing lengths can be estimated with piecumably
good accuracy. Use is made of the notation and sketch given below, wi4ch
is assumed to represent a t3rpical volute cross--sectional variation fox a
Pump with two discharges as is the case of the Mark 1.0 mumps. At a g'.ven
cross section, e,
maximum are length a (d t + tv/2
minimua arc length = 0
average arc length = 8 ( dt + t'v/2) /2
arc s of 1 ength -- t S
e	 ^	 \
1 11	 ^
SIN/
dt = tip impeller
diameter
t 
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Similarly, the averaffe volute radial depth= (9/1r)tv/2), assuming for
convenience a volute with constant width. (For other volute shapes, this
relation would vAry to some extsnt.) Therefore, the ratio of the above
mixing lengths would be approximately 9 (dt +',v/2),Cv or, since 2dt » v'
the ratio would be approximately Ir d t/t,V For the Mark 10 pumps, this
ratio would be on the order of 10 or more
Returning again to Fig. 7 , the wave shape of the radial velocity com-
ponent does not appear as a sawtooth wave even near the impeller tip.
Also, the blade wakes are not as readily discernible for the radial com-
ponent at the same radial station. In fact, the radial component often
appears to contain twice as many blade wakes as it is known to contain.
In Fig. 8 through 15 , data from five successive pump revolutions were
manually superimposed to indicate the average blade wake velocity profile
and the extent of the variations P om this average. The data are taken
from stations A-1 and A-2 at a radial distance of 1/8 and 7/8 of an inch
for all four pumps (with the one exception of the data at 7/8 inch from
station, A-1 of the 6-vane fuel pump, which data were unintentionally not
recorded. These data include ' ,oth the radial component and the total
velocity vector. In each case, the trends are very similar. The total
vector at a radial distance R = 1/8 inch shows good repeatability indi-
cating a clear blade wake. Even at R = 7/8 inch, the blade wakes for
this total vector are discernible. The radial component mean blade wake
is usually not discernible even at R = 1/8 inch and particularly for the
LOX pumps.
Again, a comparison of the actual amplitudes as scaled from the figures
indicates significant differences between the two stations for a given
pump. Approximate maximum amplitudes were scaled from the figures and
are presented below.
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Figure 8. Velocity Oscillations at the Mark 10 LOX Impeller DiHcharge
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Figure 11. Velocity Oscillations at the IOxk 10 LOX Impeller Discharge
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Amplitude
fps, peak-to-peak Fuel Pump LAX Pump
6-Vane 6+6 Vane
^.
O-Vane 6+0 Vane
Parameter Impeller Impeller Impelle- Impeller
Total Velocity Vector Station A-1 9 126* 117(R = 1/8 inch) Station A-2 25 52 119-x- 85*
Ratio+
- 2.112 2. Olt 1.81
Radial Velocity Vector Station A-1 6.0 57* 1528
(R = 1/8 inch) Station A-2 16.0 20 57* 110*
Ratio +
- 2.85 3.80 1.113
Total Velocity Vector Station A-1 - 78 24 4)
(R = 7/8 inch) Station A-2 13 23 85* 59*
Rat i o + - 3.39 3.54 2.27
Radial Velocity Vector Station A-1 - 46* 14 21
(R = 7/8 inch) Station A-2 15 18 114- 110*
Ratio+ - 2.56 2.114 1.90 
'Indicates a particular anemometer module and probe
+Ratio = (amplitude at station denoted by *)/(amplitude at the other
station)
Note that the 6-vane fuel pump was the first pump to be tested, and the
d-c value of the hot-wire anemometer signal level was debalanced elec-
trically to permit amplification and, thus, larger signal to noise ratios
of the a-c level on the tape record. After testing of this pump was com-
plete, it was discovered that the electrical d-c debalancing attenuated
the a-c data relative to the calibration signal so that the calibration
was no longer directly ,
 applicable. Attempts to determine the appropriate
calibration level for these tests were unsuccessful, and time did not
permit a rerun of the tests. Therefore, the amplitudes reported are in-
correct and are not of use other than to indicate relative amplitudes
during tests involving the same d-c debalance levels.
As reported earlier, two anemometer modules were used, each with a par-
ticular probe. The amplitudes at stations designated by an (*) were all
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from a particular module, the undesignated ones from the other. Also
given is the ratio of the designated amplitudes to those undesignated.
These ratios have an average of approximately 2.6, indicating that one
anemometer is consistently giving a higher reading in positions which
should yield similar readings. Note that the designated anemometer is
at Station A-1 for the 6+6 fuel sump but at Station A-•2 for the LOX pumps,
and the trend is the same. This evidences that the large differences in
the readings are not a function of station number. Therefore, only those
amplitudes taken with the same anemometer module and probe are comparable.
To determine which anemometer was yielding correct signal levels, the d—c
velocity level of a sample run was calculated from pump design data and
from the two anemometer data stations. The results indicate that the
anemometer reading the higher values is correct. In this case, the average
peak—to—peak velocity amplitudes at R = 1/8 are on the order of 30 to 40
percent of the tip speed of the impeller, which is 194 fps for the LOX
pumps, and 210 fps for the 6+6 fuel pump. A more meaningful comparison
is the ratio of this average amplitude to the difference in the impeller
tip speed and the mean fluid velocity. These values are given below.
Parameter
v O v
Pump A v U
_
V U—V U U V
6+6 Vane Impeller (Fuel) 64 211 152 59 0.30 1.08
6 Vane lmpeller(LOX) 81 194 107 87 0.42 0. 93
6+6 Vane Impeller (LOX) 68 194 115 ?9 0.35 0.86
where
v = average unsteady total velocity vector at R = 1/8 inch
(fps, peak—to—peak
4
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U = impeller tip speed (fps)
V average steady-state fluid velocity at the impeller discharge
based on the speed, flow, and pump head values (fps)
The unsteady component is very nearly equal to the difference (U-V). Be-
cause V increases with increasing pump head and constant speed, the velocity
variations decrease.
A primary objective of the test program was to establish the relative
strength of the blade wake velocity oscillation as a function of distance
from the impeller tip. To evaluate the relative average peak-to-peak wake
amplitude more accurately, the data from the anemometers were band pass
filtered to eliminate all oscillations but those at the impeller blade
wake frequency. Before presenting these data, certain of the character-
istics of the band pass filters need to be noted.
If a wave is defined by a Fourier series, i.e., the wave has the form
g ( W t } = Z (.An
 cos nWt + B  sin n W t
n=1
the ordinary band pass filter with center frequency W and a bandwidth
less than W will only pass directly the component:
g' ( W t) = Al cos Wt + B1 sin W t
Some of the higher harmonics will be passed although the amplitudes will
be strongly attenuated. The filters used at Rockeidyne have a roll-off
rate of -42 db per octave such tYA if the function g (W t) given above
was band pass filtered with cutoff frequencies of 0.6 W and 1.4 W as used
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in this analysis, the amplitude of the second harmonic would be attenuated
by a factor of 10. As a result, the filter amplitude is not correct un-
less the input signal is a sine wave of a single frequency, or at least
close to this.
In the case of the hot-wire anemometer data, most of the data could be
adequately represented by a single sine wave, but it was previously pointed
out that the unsteady portion of the total velocity vector near the im-
peller tip (R < 0.6) was more nearly represented by a sawtooth wave. The
Fourier series representation of a, sawtooth wave with period 29 and peak—
+I.	 k amplitude of 2V is given by:
Go
g (Wt) = 2 Z ( -1)n—1 sin (nWt)/n
n=1
Therefore, the ratio of the actual amplitude of the series to the ampli-
tude of the first term (n=1) is 7/2. To account for these filter char-
acteristics and the existing data, the filtered amplitudes of the total
velocity vector at R = 1/8 and R = 3/8 were multiplied by ff/2, and the
filtered amplitudes of the total velocity vector at R = 5/8 were wulti-
plied by 7T/4. All other filtered amplitudes were reported directly.
The filtered data were averaged over 30 consecutive peak—to—peak values.
(Previous efforts had indicated no significar.1 difference between the
averages of the peak—to—peak values for only the blade wakes from a
particular blade.) The number 30 was chosen to combine rapidity of data
reduction with the accuracy warranted under the given condi-ions. The
average peak—to—peak velocities were then divided by the peak—to—peak
average velocity at R = _+/8 inch and plotted as a function of R, the
radial distance from -uhe impeller tip. These plots are given in Fiff.16
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through 19 for the four pumps for both the total velocity vector and
the radial velocity component. The total velocity vector behaves very
similarly for all four pumps, the 6-vane fuel pump data indicating the
greatest deviation. This total vector decreases approximately proportional
to exp (R). The radial components are also very similar for all but the
6-vane fuel pump, which has amplitudes approximately double the others.
The radial component decreases very slowly with R.
The average amplitude of the total unsteady velocity vector at R = 1/8
inch is 65 fps, peak-to-peak, at station A-1 for the 6+6 fuel impeller
using the anemometer module which appears to be giving valid amplitude re-
sults. Using this value in Eq. 38, the amplitude of the pressure wave
can be computed yielding (for M = 0):
p = pc v = 0.00234 (1125) (65)
144
p = 1.19 psi, peak-to-peak
The Kistler transducer at station K-3, which is far enough downstream to
assume acoustic pressures prevail, for this same run measures a pressure
of approximately 0.06 psi, down by a factor of 20 from the predicLed
value. Of course, the Kistler pressure measurement includes any reflected
waves which exist in the system, but this does not explain the Large differ-
ence. More likely, this large variation is due to the simplifying assump-
tions which led to Eq. 38. In particular, the velocity forcing function
was assumed to be uniform over the cross-sectional plane. Actually, the
velocity decreases in amplitude with increasing distance from the impeller,
and, perhaps even more significant, there is a time lag between the peak
velocities ax the different distances due to the difference in the average
fluid velocity and the tip speed of the impeller. This suggests a velocity
forcing function of the form
V ( x , Y) = Vog l ( I e1Wt + g2 (1y)
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where the radial distance R from the impeller is assumed to be the y-
direction. It is suggested that this form of the forcing function and
the resulting acoustic wave motion be considered in future studies.
All of the data taken at station A-4 (near the volute discharge) were
using the good anemometer probe. This data for the different pumps
yielded average unsteady velocity measurements of from 3.5 to 11.0 fps
for the total vector and from 3.5 to 5.0 fps for the radial component.
Some typical raw data from the Schaevitz-Bytrex transducers mounted in the
volute tongue are shown in Fig. 20. The impeller blade wakes can be dis-
cerned, but a strong 3 cycles per revolution signal (inducer blade wake
rrequency) appears to be predominant.	 Again, the data were filtered
Co determine the average amplitudes with the results as given below.
Amplitude
psi, peak-to-peak
Station	 ^
Fuel Pump LOX Pump
6-Vane 6+6 Vane 6-Vane 6+6 Vane 
ImDeller Impeller Impeller Impeller
B-1 0.027 0.036 0.010 0.015
B-2 0.025 0.030 0.019 0.016
B-3 -- 0.024 0.035 0.038
The steady-state static pressure at the pump discharge is approximately
0.25 psi above the inlet pressure. For the LOX pumps, the tip speed of
the impeller is 194 fps. The average steady value of the velocity in
the volute would be on the order of 100 fps. Using a LOX average unsteady
radial velocity of 40 fps as a value of w (o) in Eq. 6 and assuming a
value of b I
 of 0.1 yields for the estimated dynamic pressure on the tongue
_ __11.	 (0.00234),(100)(40) 0.1
p	 144
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Figure 20. Pressure Oscillations Along the Mark 10 LOX Volute Tongue
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p = 0.023 psi
which is the same order of magnitude as the data. Note that for the LOX
pumps the dynamic pressure increases with distance from the leading edge.
This probably indicates a mismatch of the tongue to the flow of the fluid.
RDCOMA INDATIONS FOR WRTHER STUDY
It has been demonstrated that the unsteady velocity field at the entrance
of a volute section or a stator blade row generates the acoustic waves at
the rotor blade wake frequency appearing in the pump discharge. The waves
generated by the unsteady loading on stator vanes or tongues in the path
of the unsteady flow field do not have enough strength to warrant their
calculation in pump dynamics studies. Attempts to correlate the strength
of the acoustic wave with a simple relation (© p = p c A v) applicable
to a uniform velocity forcing function at the entrance of an infinite
uniform duct with rigid walls were not successful, the predicted value
exceeding measured values by a factor of 20. Therefore, a more detailed
study of the waves generated by the velocity field is required. Based
on the experimental data obtained in this study, a more appropriate
velocity field could be formulated, and the equations presented previously
for wave generation by a velocity field pursued to yield a more accurate
correlation. These studies would be expected to indicate the influence
of spacing between the rotor tip and the stator blade or volute tongue
and the influence of pump speed and head. The relation A p = p c 0 v
would indicate that the pressure oscillations are proportional to (U—V)
because A v is proportional to this factor.
4
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BLADE WAKE OSCILLATIONS:
TRANSMISSION OF ACOUSTIC WAVES
The effective amplitude of the blade wake oscillations generated by the
relative motion of components of the turbopump are strongly dependent on
the system through which the oscillations are transmitted. The acoustic
properties of this system must be defined adequately before either calcu-
lation of the estimated oscillation amplitudes or explanation of experi-
mental amplitudes can be wade.
The current interest is in confined waves traveling through pump systems,
involving transmission through ducts and 'through the various elements com-
mon to pump systems, e.g., elbows, valves, volutes, orifices, etc. The
existence of these elements in the duct is respqnsible for at least partial
reflection of any waves impinging on the element. The system, or a part
of the system, is said to be in resonance if the incident and reflected
waves tend to reinforce each other. Under resonant conditions, the wave
amplitude continues to increase until limited by system damping terms or
until destruction of the system. Obviously, the major criterion in design-
ing any system subject to oscillations is to avoid resonance in any part
of the system at the frequency of the oscillations. To meet this criterion
in pump and flow system design requires the ability to calculate the fre-
quency response characteristics including resonant points of the system.
The primary objective of this phase of the present study is to investigate
the acoustic properties of certain elements commonly found in engine or
test facility pump systems, to determine which of these elements need be
considered in system dynamics studies and, to the extent permitted by the
contractual conditions, to develop means for performing the system dynamics
studies.
75
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TRANSMISSION THROUGH DUCTS
Source-Free Wave Equation
An exact analysis of the transmission of waves in ducts requires simultan-
eous solution of the equations of the fundamental laws of mechanics, i.e.,
conservation of mass, momentum, and energy. These equations were con-
sidered in the chapter on wave generation and were combined to form a
single wave equation including source terms. The source terms were then
:investigated with relation to the generation of pump blade wake acoustic
waves. The interest is now directed to the transmission of such waves so
that a source-free riedium can be assumed. It is further assumed that vis-
cosity effects are negligible, although lumped parameter friction losses
are to be added in some later portions of this phase of the study, and
that, the medium is at rest. The general wave equation then reduces to the
more familiar "water hammer" equation:
(	 1 aw ^ 0
a t2
(40)
where c is again the acoustic velocity,V 2 is the Laplacian operator, and
%P is the velocity potential. The choice of expressing the wave equation
iri terms of the pressure, p, the velocity, v, or velocity potential,
is orb i. Crary, each satisfying the same equation. The interrelations
betw;,-eri these quantities are as follows:
V. - - a X.
	 (41)
L
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Frequently, interest is concentrated on single-frequency waves, e.g., the
rotor blade wake frequency, in which case the time dependence of Eq. 110
can be eliminated by assuming simple harmonic motion of the form:
4 _ 0 eiWt	 (43)
Substituting this into Eq. 40 yields the steady-state Helmholtz, equation:
	
V2	 + k` 0= 0
	
(1111
where, as before, k = W Ic.
To consider the form of the solution of Eq. 44, the duct is assumed to be
uniform with its axis parallel to the z axis, the cross section being in
the x-y plane. The duct walls are assumed to be rigid although it would
be sufficient at this point to assume only that the walls are uncoupled
to the fluid motion. With these assumptions, the general form of the
velocity potential for a single wave traveling in the positive z direction
becomes:
	
- 	f^ mn mn (x , y ^ e l mn
Substituting this relation for 0 into Eq. 44 shows that:
	
2	 2
.r+	 2 mn +
 e2 Sinn = 0	 (46
	ax	 a y
where e22 = (k2 - X22 .
mn	 Mn
The boundary condition of rigid walls in the x-y plane requires that the
velocity normal to the walls be zero.
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Clearly, the solutions of Eq. 46, ^, are the eigenfunctions correspond-
ing to the eigenvalues emn determined by the boundary conditions. It can
be shown that the eigenvalues continuously increase, and with the rigid
walls that all are real and positive. Therefore, for some values (m, n),
the propagation constant 
^M► given by:
a 2 = k2 - e2
mn	 mn (47)
becomes imaginary, and the corresponding exponential term of Eq. 45
becomes real (and negative since the term cannot go to infinity at z
equals infinity). At a sufficient distance from the origin, this term
will be attenuated so as to not significantly affect the results. This
property of the eigenvalues will be used in further developments.
The form of the eigenfunctions 
mn 
depends on the cross-sectional shape of
the duct. If circular ducts are assumed with radius "a", they have the
form:
^
Jo (1T %, r/a )
where Jo
 is the Besse] function of the first kind, and % is the mth root
of the equation:
dJo	 (^IT )
d a	
= -J 1 (r «) = 0.
Assu►ning rectangular ducts with dimensions 
x 
and ^y in the x and y direc-
tions respectively, yields:
CD
mn 
(x, y) = cos
	
9 Mx	
cos
	 (48)
x	 y
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wi th
e2	 [1^ 2 + 	 2Mn y
which satisfy the boundary conditions
(119)
a^
mn
x=O
X=t l
x
a0
-=
0
y
y=0
Y4 
(50)
(51)
as required. Equation 45 now takes the form
L n Amn cos =^	 cos	
e i ^nnz
x	 y
Plane Wages
The propagation constant (a
mn 
) for the rectangular duct becomes:
^2 = W 2 -	 m 2 - n 2
	mn	 c
x	 y
Or, since W/c = 21TIr , where r is the wavelength of the oscillations,
Jl2	=
12F
	 T	
2
	
^
mn
	
^x	
^y
If, therefore,
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0	 A eikzU (53)
all terms in Eq. 31 will be attenuated as z	 increases except.	 Clio ter ►►►
in	 ;" n - 0. For sufficiently large z,	 the wave would essentially be of
Clio f orm
This wave is independent of the cross-sectional coordinates (x, y), thus
representing a plane wave. In most applications, the duct lengths are
not long enough to assur►►o sufficient attenuation by meeting only Clio con-
ditions of Eq. 5'. To ensure adequate attenuation, these conditions are
usually further restricted by assuming plane waves for all frequencies so
tha t r > 10.0 % (and t,y ) .
Reflected Plane Waves
The above equations are applicable Co the case of waves from a single
source	 traveling in an infinite,	 uniform duct. If the duct terminates,
deviates from a straight course, or in some way suffers a change in the
cross-sectional plane,	 reflected wave +  will be sent back down the duct,
and transmitted waves will pass through the discontinuity. In sections
below, specific examples of discontinuit y .,:. are investigated to determine
the effective reflected and transmitted wave amplitudes. However, for
Clio moment, it .plane wave of the form given in Eq. 53 is assumed to travel
iii a duct uniform in Clio region z < 0, but suffering a discontinuity at
z W 0 so that a reflected wave is generated. The total wave in the duct
for z < 0 is then
e ikz+iWt + 13 e-ikz+iWt 	
(54)
idle re 13 is the amplitude of file reflected wave and the harmonic time
depe tide nee has been included to express the actual wave. (Equation 54 does
not strictly apply near z = 0 because of the as-yet unattenuated wave modes.)
-
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If Eq. A is substituted into Eq. 41 and 42 to solve for the ve loc ity
and pressure, then
v(z, t) = -1,k ciWt A	 c^ilcz - A e-it:z^'
P( z , t) = i W PC
iWt
CiWt LA e ikz + A e-ikz^ ( 0
Equations 55 and 56 can be used in any section of a uniform duct. for
plane waves. The two constants A and B are determined by the boundary
conditions. These boundary conditions can be in terms of the pressure,
velocity, or the ratio of the pressure and volumetric flowrate, Icnoini its
the acoustic impedance, at one or both ends of the duct.	 Clearly,	 two
boundary conditions are required to define both A and B.
To indicate the form of the solution of the equations, asswne that the
pressure is known at z = 0 ( = P o ) and the velocity at sonic point z	 1,
(= VL ).
 
From Eq. 55 and 56
Po = iW p e l' Wt (A + D)
VL = -ik eiWt LA CiWT - B a- iWT]
where T = L/c. These equations can be solved for A and B, and the results
substituted back into Eq. 55 and 56. The resulting equations can be used
to solve for the velocity and pressure at any point along the duct, e.g.,
the two unknown end conditions are
Po [,_C -i2W
	
 T]	
Le--i W T1v0, t r= P
c l+e-i2W T 
+ 2V L 
	 T (^7)[I +, -i2w
e -iW T	 1-e-i2W T]
	
P(L , t) = 2Po ' l
+e- i2W T	
p cVL	 i2W
L. 	 11+e-
These are the familiar "time delay" equations used extensively for planne
wages in a duct neglecting the effect of viscous forces.
81.
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TRANSMISSION ` IROUGH DISCONTINUITIES
Technigtie For Plane Discontinuitiesi
Attention is now turned to the investigation of wave transmission in ele-
►nents conw►only found in engine and test facility pump discharge systems.
These c ceme nts arc. referred to as discontinuities where a discontinuity
is any element which causes a deviation from a uniform straight duct.
The disc.ont,inuities given specific attention in the current study are
elbows, valves, orifices, and volutes. The elbows, valves, and orifices
are t.o be treated as plane discontinuities (to be defined), although
other orifice results are reportA.
1A i: , assumed that plane waves are t--aveling in the z direction in an
iiifinito uniform duct with a tingle plane discontinuity located at z = 0.
It, is further assumed that the compressibility of the fluid can be
ueglect,ed within the bounds of the discontinuity. Therefore, the flow.
wi t.hi ►► Che bound: of the discontinuity obeys the Laplacian equation:
V" ^ = a	 (59)
rather than the wave equation as given in Eq. 44. The discontinuity is
also assinned to be synunetric so that the velocity (— ao/az) and the veloc-
ity potential are ider ► tical at the entrance and exit of the discontinuity.
The discontinuity can then be treated as a plane transformer (hence the
designation, plane discontinuity) which connects two arms of an infinite
pipe. The transformer requires continuity across its boundary of both
the velocity potential and the velocity which is determir p d. by solution
of Eq 7)9. This -technique is presented by Morse and Feshbach (Ref. 16)
I
^I
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who also give example solutions, one of which is included here. It
should be pointed out that the assumption of it plane discon(inuit.y is it
good assumption if the wavelength of the oscillations is much larger
than the dimensions of the discontinuity.
To illustrate these assumptions, consider the elbow, DPBP I D, connecting
the two infinite duc tE , A-DP I
the Helmholtz equation for sii
ing the solutions 41) 1 and tb2.
yielding the solution t/3 . In
discontinuity in an otherwise
and DP-C, in Fig. 'la. In the two dur ts,
uple harmonic motion (Eq . 44) applies, yield-
In the elbow, the Laplacian equation applies,
Fig. 21b, the elbow is replaced by a plane
uniform duct. At the discontinuity, i.e.,
at z = 0,
01 02
az -	 az -	 az
	 (oo)
The form of the solutions	 1 and 2 was established in the section on
transmission in ducts.	 With the discontinuity independent of the y coordi-
nate, as is the case of the elbow, the wave equation solution also will
be independent of the y coordinate. It is sufficient to asswne a normal-
ized ine'dent wave impinging on the discontinuity from the negative z
direction. The transmitted wave amplitude is denoted by A o , the reflected
wave (1.0 - Ao ). Therefore, making use of Eq. 51 and 54,
W
z
Xm01(x9 z > e ikz + (1-A 0) a -ikz +	 Am cos ^mx e
	
P z s 0 (61
m=	 _ x
00
z
2^x. 
z
^ - Ao eikz - /'' Am cos
Mimi 
e	 z Z 0	
(6`)
m=1	 x
83
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Figure 21. Wave TratismisSlon in a 90-Degree Mitered Elbow
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of 0 PB P A D 7' Y3 = O
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G
B	 ^
a•)
X
.fyy	 - - - -
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)OW E 	 i	 Ax
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^	 I	 ^
I	 I	 ^
y
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ve	 _	 4^3	 = G 4;	 = a Wz
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where X. has been redefined to incorporate the factor ' I--1 as
Xm = , J(Ir MAX) 2 - k2
	
(63)
These solutions have previously been shown to obey the wave equation, and
at z = 0 0	 l /az = ak!)o/az. The Fourier coefficients are determined in
the usual manner to satisfy the second of Eq. 60, In practice, another
approximation is introduced here because the velocity profile obtained
by solving the Laplace equation for the discontinuity is seldom in a 1'01111
suitable for use in Eq. 60 for evaluating the Fouri-ar coefficients. Thus,
rather than using the actual velocity profile, a more readily integrable
profile which is curve fit for good agreement with the actual profile is
used. This approach is approximate but yields a rather powerful tool;
whenever symmetry exists across the discontinuity, and the potential flow
through the discontinuity can be solved (either exactly or numerically),
the wave equat in solution can be approximated.
Elbows
The solution for the wave transmission in a general elbow was pursued
in three steps: (1) 90-degree mitered elbow, considered in Ref. 16,
(2) mitered elbows of arbitrary angle, pq and (3) curved elbows with
arbitrary angle, p, and arbitrary radius ratio, R l/R,2 . The solution for
the 90--degree, mitered elbow is outlined here to illustrate the required
steps.
Using conformal mapping techniques, the potential flow solution around
a 90--degree, mitered elbow is readily obtained. Letting F represent the
complex potential function so that
F = 0+ iX	 (64)
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where 0 is the velocity potential and X the stream function, the solution
for the velocity in the elbow is
dz* - -vz + IV  = - It gcoth Z
x
2t
7* = z + ix = x (tanh-1 Vtanh	 - tan- 'an 1 tanh
2Q 	 Q (65)
in this equation is the flow in a channel of unit depth. It is neces-
sary to find the velocity, vZ , along the line DP defined by z = 0,
0 x L" -t
x 
As can be seen, the velocity field cannot be readily
expressed as a function of the complex variable z* representing the com-
plex plane. It is, therefore, necessary to approximate the velocity given
by Eq. 65 along the line DP by a function that is simpler and yet that
agrees reasonably well with the actual velocity.
Two approximations to this velocity profile were used. Letting 	 _ -x/,tx
so that the velocity profile of interest lies in the region 0 s ^ s 1 and
letting u = v 	 the velocity of interest, then it is assumed that
zDP
u = 0.771 1, 1	 ^	 (66 )
70tx 3
and
u = 0.667 - 1	 (67)
x 3 1 7
Equation 66 was proposed by Morse and Feshbach (Ref. 16), and Eq. 67 was
added as another approximation. Both of these velocity profiles inte-
grated over the channel width yield the correct flow, Q. Their agreement
with the actual velocity profile, as obtained from Eq. 65 is very good.
c
.W
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The Fourier coefficients in the wave equation solution, Eq. 61 and 62,
are determined so that the velocity profile given in Eq. 66 or 67 is
satisfied.
Using Eq. 67, for example,
co
-	
_ -i10,- 1/ '' ^Am cos	 = 0.666	 1 _	 (68)
a
	
	 m`^	 x	 x	 F9
Z=o
Evaluating the Fourier coefficients in the usual manner, it can be shown
that
A	
_ Q	 (69)
o	 i 1, t'
x
1
Am = _Q ( _ 1)m + m J	 /3 sin Trm& dot
x	 0
It is now necessary to establish the continuity of the velocity potential.
by using the first of Eq. 60. This equation cannot be satisfied exactly
for all values of x because of the approximate velocity profile used. The
equation is thus satisfied at (x=0, z=0) where the velocity is a maximum,
and good agreement is assumed for other values of x. Substituting Eq. 69
into Eq. 61 and 62, and these into the first of Eq. 60, and solving for
flow Q, yields:
- i 1t$
_	 x
Q - l - iktxG
where
co
G =	
2	 (-1)m + irm
m=1 x
(70)
1 W/3 
g in gym« dpi
	
(71)
0
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Z = APQ (74)
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Substitution br	 into Eq. 61 and 62 yields the required solution for the
wave transmission around the 90-degree, mitered elbow.
Nea.t z=0, in the vicinity of the elbow, the solution includes distortions
of the wave as a result of the elbow. These distortions are rapidly damped
out as z increases beyond a few wavelengths because of the exponential
terms. Beyond this region of distorted waves, there would be only plane
waves, an incident plus reflected wave on the left and a transmitted wave
on the right (Fig. 21b), having the form
-i 1vt G 1
1 Y eilcz + 11-1^ a-ikz  Iz I large, z < 0	 (72)xJ
i lcze	 1z1 large, z > 0	 (73)42	 1-ik-t G 
x
Computation could end here since, for any given plane wave impinging on
the elbow, the reflected and transmitted waves are known. The transmitted
and reflected pressure waves due to a normalized incident pressure wave
are, rc- pectively, A  and (1 Ao ) in amplitude. However, it is convenient
'to express the characteristic performance of the elbow in terms of its
e'l'ective acoustic impedance. The acoustic impedance (= Z) for a lumped
parameter (i.e., a plane discontinuity) in the line is:
where 0 p is the effective pressure drop across the elbow and Q is the
volumetric flow past the elbow. Using Eq. 42, the effective pressure
drop is
Lip = iW p 101
Z=0
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so that, for the elbow,
2 W ^- G
Z
	
	
c	 "
It	 c
x y
(-I ))
where the term ^y enters because Q had previously been defined as flow
per unit depth rather than volumetric flow. For small frequencies, as
required by the plane wave assumptions, G is effectively independent of W,
and the elbow acts as an effective inertance (Z = iWL ) of amplitude
L = 0. 58
 pt, xx
	 (76)S
where S = x , = cross-sectional area of the duct. Starting with the
velocity profile given in Eq. 66 rather Vian that of Eq. 67, and proceed-
ing in the same manner, results in an impedance identical to that of
Eq. 75 except that the value of 2G is 0.49.
Having solved for the wave transmission in the 90-degree, mitered elbow,
the next step is to solve for the transmission in a mitered elbow of
arbitrary angle, q. The Wapping function required in the conformal map-
ping solution of the Laplacian equation for the general tnitered elbow is
not readily integrable. Therefore, solutions were obtained for specific
values of cp by numerical methods on the digital computer using the fiani.l-
iar finite difference equations. The solution is iterative and converges
rapidly for the Laplacian equation. The resulting velocity profiles were
curve fit to get a functiona? representation that fits the data and that
was solvable and readily convergent when substituted into the equations
for the computation of the impedance. Power series curve fits were pri-
marily attempted, usually including at least some negative powers. Some
difficulty was encountered in finding a suitable functional relation, and
it was finally decided to split the velocity profile into two segments and
curve fit each with different functions, requiring that the two functions
agree in both value and slope at the junction.
89
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The remaining steps in comput.ng the reflected and transmitted wave ampli-
tudes and the impedance are identical to the steps outlined for the 90-
degree case. The resulting impedance in each case was of the identical
form of Eq. ?3, the only difference being in the function G and its value,
Expressing the impedance as a pure inertance yielded the following values
for the constant 2G:
300 600 90o
`'G 0.22 0.41 0.61
where L = 2GP t•xIS. Note that the 90-degree solution here is approximately
5 percent higher than the value obtained previously. It was found in inte-
grating the velocity profile over the cross-sectional area that the result-
ing volumetric flow was about 5.7 percent too high, which is expected to
explain the difference. The cases of I;p = 30 and 60 degrees also were
integrated and the flow was found to be 1.8 and 2.6 percent too high,
respectively. Therefore, the values of 2G for the 30- and 60-degree cases
would be expected to be approximately 2 percent too high. In conclusion,
the effective inertance of the mitered elbow as zl plane discontinuity
varies approximately linearly with angle.
The final step in the elbow analysis required solution of the wave equa-
tion for the curved. elbow with arbitrary angle and radius ratio as sketched
below. Again, finite difference techniques were employed to solve numerically
x
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4
the Laplacian equation for the two-dimensional, steady, potential flow.
Solutions were obtained for several values of (t) and lt, ) /It l , and the result-
ing velocity profiles were dependent on each of there two variables. A
two-dimensional curve -fit equation capable of adequately describing these
velocity profiles would be, at best, cumbersome, and the accuracy obtained
would probably not ivarrant the time required. Therefore, the velocity pro-
files were plotted on a large scale, manually connected by a "smooth"
curve, and curve fit by a large number of linear segments. The error
involved in the linear approximation to each segment was expected to be
much less than the error in the numerical solutions for the velocity
profile.
With the impedance again equal to an inertance (Z r
 iWl, ). the l'orm of
the inertance was
L = 2G
Q (R1 - R2 )
S (77)
The values of 2G obtained are as given below, the mitered elbow results
being included for direct comparison.
VALUES OF THE INERTANCE CONSTANT 2G
IRIO/R 1 0.30 0.20 0.10 0.01 Ma tered
Q
0.20 0."?3G degrees 0.088 0.16 0.18
60 degrees 0.10 0.22 0.28 0.37 0.41
90 degrees 0.10 0.24 0,34 0.30 ().58
The results are as would be expected, with the inertance constant contin-
uously decreasing with the larger radius ratio. For 1t 2/R I s
 0.01, the
inner corner is almost mitered, but the outer corner is curved so that
this case still gives lower values of 2G than the mitered elbow.
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In Fig. 22t 23, and etc, the impedance results are shown as a function
of the dimensionless frequency for the cases given in the table. The
impedance is given for wavelengths up co approximately 2(It l
 - Rj, which
is clearly beyond the region of plane waves except Lit very large distanc(?A
from the elbow. Therefore, the results are probably not very accura ►;e
beyond values of li(It l - It` ) z: 1.0, which corresponds to it wavelength equc ► l
to 21r(It l - Its ). At the higher frequencies, the function G is frequency
dependent so that tlae impedance no longer acts as a pure irtertLtnce .
Some further corr►ments concerning the impedance of (all the elbows are in
order. Virst, the impedance for the low frequencies appears Lis a pure
i:nertance with no compliance or resistance. Any compliance that should
have appeared was eliminated by the assimiption that the flow in the elbows
%vas incompressible, which Permitted the reduction of the elbow to a plane
(Iiscont.inuity. Clearly, no energy can be stored in a plane; 'thus, no com-
pliance is indicated. The resistance term was lost by the asswraption o,'
a loss-free system. Both a compliance and resistance terra would 'be added
in the actual application of the elbow impedance. The compliance would
be detrx-mined in the same manner as the compliance of a segment of . a
straight, duct of the same length as the elbow. The resistance term which
is the real part of the impedance is the ratio of the pressure drop clue
to losses in Ole elbow over the f'lowrate. Data are available for deter-
mining the losses in energy through an elbow which can be used to deter-
mine the r y
 s i ; t,ance . Thus, the elbow  impedance would have the common form
`la 7- It + i W 1, - i /'W C	 (78)
where It and C are the resistance and compliance, respectively.
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Second, even the inertance term, as given for the elbows by assuming a
plane discontinuity, is not complete. By treating the elbow as a plane
discontinuity, the inertance of the elbow due to its length is neglected.
This inertance has the form (in the units used here)
L' = S1	 (79)
where t, ' is the actual
of course, the came as
o!' the same length and
based on the length of
the elbow. If this is
as before, then
effective length of the pipe. This inertance is,
would be computed for a sep--ient of a straight duct
area. The length of the elbow can be computed
its centerline from the entrance to the exit of
done for the mitered elbow of dimensions t and
V = t  tan (p/2 )
L' = 
P 
tX tan (tp/2)	 (80)S
and for the curved elbows
9-42360 (R1 + R`)
L/ - 60 S (R l + R2 )	 (81)
The tot41 inertance is the sum of that given in Eq. 80 or 81 and the
inertance previously computed based on the plane discontinuity assumption.
Letting L be the total elbow inertance, for the mitered elbows
A ^
L =	 S  C 2G + tan (p/2) j (82)
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and for the curved elbows
L	 p--1- [2G (1 R /R ) + N-2 (1+R /fl )
	
(83)S	 2 1	 360	 2 1
Substitution yields the results given below. For the large radius ratios,
the inertance term due to the plane discontinuity assumption is almost
negligible,
R	 1
L/ (P Rl/S) L/(p tx/S)
0.50 0.20 0.10 0.01 Mitered
30 degrees 0.44 0.44 0.45 0.46 0.49
60 degrees 0.84 0.81 0.83 0090 0099
90 degrees 1.23 1.13 1.17 1.29 1.58
so that the elbow could be treated as a straight duct. For the mitered
elbows, the impedance increases by 60 to 80 percent when the effect of
the discontinuity is considered.
Va Ives
In Fig. 25 , a sketch of a Mark 1.0 LOX pump valve is shown in the wide-
open position. Some approximation of the geometry is required to permit
a plane discontinuity analysis. '1 ..e assumption made is that poppet valves
of this type operating in an elbow can be assumed to behave acoustically
as two elements in series, the first being a plane barrier in a uniform
duct with a blocked area ratio equivalent to that of the actual valve,
and the second beir^g an elbow. For a butterfly valvol which is actually
a barrier in a duct, the assumption is made that the barrier is in a plane
97
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DIRE GTION
OF FLOW
V V
Figure 25. Wirk 10 LOX Valve Schematic Fully Open Position
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normal to the duct centerline with an equivalent blocked area ratio
rather than in a plane skewed with respect to this noni ►al. Thus, the
valve problem reduces to tb;,t of determining the wave transmissioi ►
 past
a plane barrier symmetrically located in a duct and normal to the duct,
centerline. The wave transmission characteristics will defend on the
blocked area ratio. If the total area of flow past the valve is identi-
cal to the duct area, then the valve has no effect on wave transmission
as far as a plane discontinuity effect is concerned. This is actually
the case for the Mark 10 valves in the wide-open position.
The velocity field in a configuration as sketched below must be deter-
mined. Again, a rectangular duct is assumed, and the two-dimensional
x
a	 ^.
Flow _0	 (^ x	 G
	
i	 i
problem will be solved. Using conformal mapping techniques to solve the
potential flow problem, the following equations were determined:
0'I = tan 2 ( iT a/4 X)
	
a2 = cot 2  (ir a/4 x )
A = e irF/Q
dF	 (A - al)1/2(A Q2)1/2
_ ^..
dz ; - -vz + ivx  k ----------T; --^_______
x	 l ^^
-2 t,
z* = z + ix= — ¢ x In (^2 - Ql ) - i ( X + 2 Xm) +
It 
x2 I
	
1./2
	 1/2"^^ J n [(A - ^l ) 	+ (A (72 )	 +
In
 C 2 (A - X1) 1/2 (n, _ 0'2) 1/2 + 2n -(a^+R2)-,L	 ,j
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where F is the complex potential, Q the duct flow per unit depth, and m
is an integer which produces periodicity of the solution in regions
bounded by lines x = ± i 2 xm. The velocity profile of interest is
v  at z=0, t  - a s x s t, x . The equations cannot be inverted to solve
directly for velocity at a given point, so they were solved numerically
on the digital computer.
The velocity profiles then had to be curve fit for use in the impedance
calculations. The profiles were eventually curve fit in two segments,
r,
each being of the form (Ao + Al -1/3  + AZ	 ",/3)where ^ is some function
of x and the A's are constants. Once it functional relationship for the
velocity profile is obtained, the impedance is computed in exactly the
same manner as described for the elb,, ,,,v.	 Tf- impedance has the form
Z - i pcc ? kG	 (84)
where G is an infinite series determined from the velocity profile.
Note in the last sketch that t
x is now the half-width of the duct, but
the area S is also based on the half-width so that, S = t t . This imped-
xy
once can be expressed as an iner t,ance (`L = i W L) for low frequencies
(lctx < I .0) whe I-e
t.
2 G - ^ ^	 (85)
The V111LIes of 2G a( lo g; frequencies are given below for various ratios
of' blocked ii-va . It, is interesting to observe that for the duct area at
tc, 1''tx	 = 0 , o r) 0. 10 0.20 0.30 0.40 0.50 0.75
1. 50 1.05 0.67 0.44 0.0 72 G	 - -)."2-) 2 .
95-percent closed, the inertance is only 3.23. This value would be
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accuracy of these values h. ► s not been established. The tactual impedance
is plotted in Fig. 26 as a function of iitx up to frequency values itittelc
higher than were assumed for the case of plane waves, Therefore, at, these
higher frequencies (lctx > 1.0), the values may be very inaccurate.
For the butterfly valve or the barrier portion of the poppet valve, no
compliance or additional length inertance are required. Both, of cou rse,
would be required for the elbow element of the poppet. valve, as i n the
previous discussion. However, a resistance term should be added baseil
on experimental pressure loss data. For the poppet valve, Chis resistance
can be added to either the barrier or the elbow.
Orifices
The impedance of orifices has been the subject of previous investigations
c , eported in the literature. These investigations have been fairly Success-
ful, Ind any effort within the scope of the current study could clot, be
► %pvc (ml 'to  acicl significantly to these investigations. Therefore, the
vx ( vii t ol" the effort here was to accumulate and report, some of the more
1 ► sohil information available in the literature.
'1'hV c l, ► ssicatl impedance of a circular orifice is given as
G	 P c^^"
;,7 + i	 2
a
(8o)
who re
^, I	 =	 t + 1.7a
	 (87)
a	 =	 orifice radius
t	 =	 orifice length
p	 =	 fluid density
c	 =	 fluid acoustic velocity
W	 =	 circular frequency
k = We
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k ^x
Figure 26. Impedance of a Plane Barrier Located Symmetrically in a
Two—Dimensional Channel
a > 1012 pf (()0)
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This impedance contains a radiation resistance term ( 	 p cic` /&.ff) which
is usually small and a mass reactance ( 	 P t'W/,ff ar ) containing both
the mass within the orifice length and an end correction term variously
reported as (1.7a) or (16a/37►). Actually, Eq. 86 and 87 give the imped-
ance of a circular orifice in an infinite wall when the orifice dimen-
sions ("a" and ' I t") are small compared to the wavelength of the sound.
In addition, the validity of Eq. 86 is based on the assumption That the
viscosity is small, and the velocity of flow through the orifice is suf-
ficiently small for laminar flow to exist. The assumption of small ori-
fice dimensions relative to the wavelength is maintained throughout the
literature; however, the relaxing of the other assumptions has been
investigated, and correcting terms have been derived either analytically
or experimentally.
If the viscosity of the medium is significant, and the heat conducuivity
can be neglected, Sivian (Ref. 17 ) gives the impedance of the cire,itar
orifice as
_	 t'	 1 0L	 ip ^
	 1IT ta t	2.0 J 1 8 a (-2iC
e a (-2i ) 112j 8 	 a (=2i	 ^	 (88
where
6	 (^ A^2 4)1 /2 	(8()
and N, is the coefficient of viscosity. Sivian has neglected the radiation
resistance in this case. If µ = 0.0, then 6 is infinite, and Eq. 88
simplifies to give the imaginary part of E(1. 86. If
103
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^2 U
 fla "
(91)
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where f (- W /2 n) is the oscillation frequency, then Kin.sler and Frey
(Ref. 18) show that Eq. SS can be simplified to Rive a term
which should be added to both the resistance and reactance of Eq. 86.
For air at room temperature, Eq. 90 ,yields
n
> 0.61 inch
IT
or, if f z 100 cps, then a > 0.06 inches, which is generally observed.
Both Sivian and Kinsle.r and Frey show that the heat conductivity can be
included by using an effective viscosity in either Eq. 89 or 91, respec-
tively. If the walls are good heat conductors in comparison with the
flowing mediiwi, then this effective viscosity should be used. Letting
µ' be the effective viscosity, Sivian gives
µ' = µ [1.0 + (y -1) ( 1.oZPr)] 2	 (92)
while Kins ler and  Frey give
µ' = µ L1.0 + (y -1) (1.O/Pr) (1.0/)^ 2	 (93)
where	 -y- specific heat ratio and Pr is the Prandtl number. For air,
y = 1.41 and P" - 0.73, so that both Eq. 92 and 93 yield µ' — 2.2 A.
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Probably more important in the prewe.rrf, N elds of appl icat ion is the effect
of the velocity of flow on the orifice impedance. These changes of imps# danc e
with velocity are attributed to flow circulations and turbulence and vould
result from either an increased intensity of the incident oscillations or
a steady turbulent flow upon which the oscillating flow is superimposed.
An increasi"q velocity will increase the resistance and decrease the reactance
term of the impedance.
Sivi.an estimated the effect of the kinetic energy of the medium in the
orifice on the orifice resistance and found that a resistance term of
amplitude
i
R'F r 1/2 
A 
U7 
U 
2
(910
must be added to the resistance previously given. In general, Eq. 94
unde restimated the effect of velocity. Utvik et al. (Ref. 19) derived
a theoretical resistance which in the units of this paper i&, given by
_	 U
RF 2P 7ra2	 (91)
which is three times larger than that used by Sivian. However, these same
authors point out that the value in Eq. 95 is derived under idea] condi-
tions and that actually a flow coefficient, Kf , should be used so that
_ 51 	 U
2 P KF ^a2 (96)
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In a comparison with experimental data, a value of KF of 0.5 was used, and
good agreement was obtained.
Less information is available on the velocity effects on reactance than on
resistance. ITtvi lc et al. (Ref. 19) indicate that for thin orifices, i.e.,
t, < 2a, the acoustic reactance begins to decrease at a critical velocity of
Ucr =2vft
	 (97)
and continues until a minimum reactance is reached when fully developed
turbulent flow is reached, which is assumed to occur at a Reynolds number
of 2000, or at a velocity of
U	 2000 µ
T	 2ap
(98)
The minim un reactance is given as three—eighths of the low velocity reactance.
Another significant influence on the reactance is the wall effect when the
orifice exists in a tube. If the tube radius is II r" and "a" is again the
orifice radius, then Bolt et al. (Ref. 20) show that the classical low
velocity reactance given in Eq. 86 should include w correction factor 6
so that
Xp u--0 (1+1.7 6a)
7Ta (99)
where the reactance is X. Altbough 6 is actually a rather complicated
function of both a/r and rf/c, it can be conveniently approximated as
106
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Bolt et al. give a further empirical correction for the case where the
radius of the orifice is less than 1 centimeter. This correction involves
replacing "a" in Eq. 99 with "a'" where
1/3
a' = a 10.245 F3 + ^a^ 1/2 1
J
(101)
In the event of an orifice plate with multiple orifices, the effective
tube radius "r" to be used in Eq. 100 might be determined by the relative
distance between holes, with a resulting reduction in the reactance term.
This would permit an estimate of an injector impedance which is essentially
a plate with many orifices.
In conclusion, the orifice resistance is seen to consist of a radiation
term, a viscosity term with a correction for heat conductivity, and a
velocity term. The reactance term is formed from the classical mass
ex,1-ression with a correction for both velocity ai..a wall into aution effects.
Volutes
The transmission of waves in volutes is not to be solved by the approach
developed above, since the volute cannot be al-quately represented as a
plane discontinuity in an otherwise uniform J"Ane. Rather, the distinguish-
ing characteristic of the volute is that its cross—sectional area is
changing as a function of the distance traveled along the volute axis, as
in the case of a horn or loudspeaker. Thus, the volute will be treated
as a horn, and those assumptions will be made which are required to use
the simplified "Urn wave equation". Many of the assumptions to be made
are similar t(+ tbr-se previously made in that viscosity is neglected, and
107
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the waves are assumed to be plane waves traveling parallel to the volute
axis. This assumption of plane waves again restricts the applicability
of the analysis to frequencies with wavelengths large in comparison to
the characteristic parameter of the volute cross section. In the case
of the volute, this assumption further restricts applicability of the
analysis to cases where the rate of change of the cross—sectional area
with distance traveled is small compared to the square root of the area,
i.e., if S = doss—sectional area and z is the coordinate in the direction
of the axi s, dS`d z << ^_S.
Having made these assumptions, the simplified horn wave equation can be
derived, yielding in terms of the velo%ity potential,
1 L S a 1P 1 - 1 ^2If _ 0
S az L
	
az J	 2 2c at
(102)
For the simple harmonic waves to be assumed here, this equation reduces
to the form
S caz LS LL J + k2 = 0	 (103
where, as before,
i Wt
e
	
_ T
A Mark 10 LOX volute cross section is shown in Fig. 27. This volute is
further complicated by the presence of the splitter tongue. The primary
horn passage begins at the tongue at th, ET p"t-^t A and passes through the
108
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Figure 27. Sketch of a Mark 10 LOX Volute Cross Section
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points B, D, C, and E and then downstream. The volute area to be considered
is the area both above and below the splitter tongue. The presence of the
splitter vane in this passage will result in reflected waves in the horn,
and its effective impedance needs to be considered.
In addition, the splitter tongue, point D, actor, as a source of waves
similarly to the tongue at A. These waves travel both upstream toward
point A and downstream through the horn passage D E. Since resonant
conditions also can exist in this shorter passage, it must be given the
same consideration as the primary passage.
In general, a properly designed volute should . have a total cross—sectional
area which increases almost linearly with the distance along the flow axis.
Exceptions to this might be a design where volute friction losses as well
as the variations of radial distance to the volute centroid are taken into
account in the area variation; however, this would not yield a large
deviation from the linear case. Existing Rocketdyne volutes were studied,
and the linear relationship is very close, although in most volutes two
linear segments are required, as shown in Fig. 28 for the Mark 10 volutes.
For the linear area variation, S = S*z, where S* is a constant and the
origin of the z axis is at the apex of the horn. Substituting the area
relationship into Eq. 10 i yiel(:s
--- 0 + 1a0 +k2 =0
az2	 z az	 (104)
From Ref. 15, the solution of this equation is given as
0 = AJO (kz) + BY  (kz)	 (105)
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Figure 28. Marls 10 Volute Cross-Sectional Area, vs Distance Along Flow Axis
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where Jo and Yo are Bessel functions of the first and second kind and of
order zero. Solving for the pressure and volumetric flow using Eq. 41
and 42,
.
p = i W A [AJ. (kz) + BY  (kz)] el '4 	 (106)
Q = S* (kz) CAJl (kz) + BY1 'kz)] e  W t	 (107
Evaluation of the constants A and B requires knowledge of two boundary
conditions at the ends of the horn.
Assume two adjacent horns of the type defined above, the first of length L 
and the second L2 . The pressure and flow for each horn would be of the form
of Eq. 106 and 107, with p i = p(Ai , Big zi ) and Qi = Q(S*i , Ai , Big zi).
Note that the origin of the z coordinate for the two horn segments varies
because the origin is defined to be at the horn apex for each horn segment.
There are now four unknowns (A i , Big i=1, 2), but continuity of both
pressure and flow at the junction of the two horns eliminates two unknowns.
The other two unknowns must be determined from the boundary conditionsat
the two ends. The boundary conditions in the present case would be an
expression for the impedance (Z = p/Q) at the two ends of the volute.
Clearly, the equations for the double or even the single horn with linear
area variation are extensive and cumbersome to use. Particular difficulty
arises because the impedance at the end of the horn, which is dependent on
all the system downstream of the horn, enters the equations early in their
development. The present area of interest is the pump discharge which
usually begins witl. a volute followed by the rest of the system. Therefore,
the computation o pt'  the volute end impedance would require extensive calcula-
tions in itself. As a result, a second method of treating the volute is
desirable.
(I
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The impedance of the volute can be approximated by dividing the volute ik,Go
a number of segments, each representing a step change in cross-sectional
area. Each segment then has an average area; and a resistance, inertance,
and compliance can be computed for each segment in the same manner as for
a segment of a straight pipe. If the average area of a segment is S and
the length t z , then the inertance is given by
L = p S 
and the compliance for an adiabatic wave propagation is
^G
C -	 2pc
The resistance is a function of the pressure loss
R = 0P
Q
(108)
(109)
(110)
where Q is the volumetric flow. An L-R-C representation is easily modeled
on the analog computer, but generally the number of segments required is
so large the capacity of the computer is easily reached. In this case, a
modal analysis must be made which can be programmed to yield the accuracy
required in the given frequency range.
A more interesting concept would be to investigate the horn properties to
determine if the horn could be replaced by a uniform duct of a predetermined
area (e.g., the cross-sectional ;:,,rea of the volute discharge d ,• ct) and some
unknown length with possibly an artificial distributed resistance. This
would require extensive mapping of the horn output as a function of geometry
and end impedance, and the effort was considered beyond the scope of the
present study.
113
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TRANSMISSION THROUGH SYSTEMS
In the application of the above results, a general system involving several
of the above elements is usually encountered. Some simple systems used
in the t st program were analyzed to interpret the test data. These
systems will be described more completely later, but each essentially
consisted of tw uniform ducts of finite length joined by a single
element. To indicate the procedure to be adopted in the analysis of these
systems, or any other system, a relatively simple example is presented
here.
Assume that the system is depicted by the block diagram given below.
Further assume that both the dynamic pressure and flow are required at
stations A through E,
1.	 2.	 3•
	 4.
Flow	 Uniform	 Volute
	
Uniform
	
Orifice
Duct
	
Duct
but the pressure is assumed known at both A r:Ynd E. The volute is to be
segmented and, for convenience here, three segments are considered as
adequate. Expressing the block diagram in terms of the unknowns,
114
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tP	 P
A	
D	 D
1	 1PD PC1.	 2.a.
Uniform	
Ra-La-Ca
2.1).
Rb Lb -Cb
2.c.
Rc-Lc-Cc \
Duct
VA	 VD	 VB V1I VC
PD PD PCdo 4. 3
Orifice Uniform
Duct i
VE VD VC
Considering that the pressures PA and PE are known, there are ?r) inknown
variables. however, it was previously shown that a uniform duct can be
adequately described (for plane waves) by '6eo time-delay equations and,
since there are two such ducts, four equations are available. Also, an
R-L-C circuit provides two equations, as follows:
ii
	
R	 L
P l	 p2
	
W 1	 C	 W2
P  - P2 = RW1 + LW1
_ _ 1 f
P2 	 C(W2 - W1 ) d t
(111
(112
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.
where W1
 is the volumetric flowrate (= 4V 1 , where S is area) and W 1	dW1/dt.
Therefore, the three volute sections provide two equations each, or a total
of six. Finally, the orifice has been shown to consist of a resistance and
mess reactance or inertance. In this case, the resistance and inertance
are not linear, so that
1'D - PE = R  (W l ) WD + Lo (W l ) WD
and, with no capacitance,
V1" = VD
Therefore, 12 equations have been defined which are easily mechanized on
the analog computer (:assuming the availability of preconstructed time-delay
boxes, as is thp
 case at Rocketdyne), and solution can be obtained fc ,,
 any
inputs  PA and PL .
It is easy to see that, conceptually, any number of such blocks could be
added, and if the impedance of the block is known, the solution can be
obtained. The only limitation is the capacity of the computer. An indica-
lion of the equipment required to handle the above problem is given in a
later section on test data analysis. However, it was mentioned previously
that a modal analysis could be performed if the number of segments became
too large for the computer. Essentially, the modal analysis (Ref.21
combines several segments into a single segment, somewhat more complex,
which adequately describes the sum of the individual segments over the
frequency range of interest.
The analysis of the system is then seen to be rather mechanical once an
Idequate description of each block, or segment, is given.
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EXPERIMENTAL PROGRAM
Instrumentation, Hardware, and Procedure
A test program was conducted to verify and supplement the analyses concerning
wave transmission. The test program was divided into two phases. In the
first phase, tests were made of the wave transmission in a system comprised
of two uniform pipes connected by a single element. The tests were conducted
in air, the acoustic wave source being a University ID-60T horn driver which
was actuated by a Hewlett-Packard oscillator through a power amplifier. The
frequency range of the driver is 30 to 1,000 cps. There wits no t low in
the system other than the acoustic flow.
A typical test system is shown in Fig. 29. The tests conducted consisted of:
1. Straight pipe. Tests with a straight pipe were made to verify
the one-dimensional time-dt- g ay solution of the wave equation.
2. Elbows. Nine elbows were tested. Three were mitered with turning
angles of 30, 60, and 90 degrees, respectively. Six elbows were
curved, three with long radii and three with short radii, accord-
ing to commercial designations, with turning angles of 30, 60,
and 9C degrees for each radius.
3. Tees. The typical tee joint systems are shown in Fig. 30.
4. Conical Horn. To test the Mark 10 LOX and fuel valves, a horn
was required which expands from the driver diameter to a 6-inch
and then an 8-inch diameter. A conical horn was used and is
shown in Fig. 31. This horn was tested with a straight section
of 6- or 8-inch pipe at its discharge. The section of the horn
117
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ACOUSTIC WAVE TRANSMISSION USING HORN DRIVER
MORN DRIVER
^a
v 
t
FLEX JOINT TO DECOL
POWER IIiPUT
	
FROM SYSTFa!
FROM OSCILLATOR c
8
- - CAPPED
OR OPEN
END
a = PRESSURE TRANSDUCER ON ONE SIDE OF DUCT AND HOT-WIRE ANEMOMETER
PROBE TAP ON OTHER SIDE OF DUCT. TRANSDUCERS ARE KISTLER 606L
MODEL.
Figure -29. Typical Test System for Wave Transmission Test Program
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CLOG ENL
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^--- FLEX JOINT
^-- HORN DRIVER
RN DRIVER
OPEN OR
-	 CLOSED END
Figure 30. Typical Tee Joint System for Wave Transmission Test Progiram
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Figure 31. Conical Horn for Wave Transmission Test Program
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HORN DRIVER AT THIS END
-^ 1. 5" 	 n	 811
THE SECTION OF THE HORN GOING FROM 6" TO 8" DIAMETER IS SLOTTED
SUCH THAT A SPUTTER VANE CAN BE ADDED OR REMOVED IN TESTSt, WHEN THE
SPLITTER IS REMOVED THE GROOVE INTO WHICH IT FITS MUST BE FILLED TO
GIVE A SMOOTH CIRCULAR INTERNAL CONTOUR.
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extending from 6 to 8 inches in diaweter was slotted for insertion
of a removable splitter vane.
5. Valves. After testing the horn,, the Mark 10 LOX and fuel valves
were tested using a system similar to that illustrated in Fig. 129
with the addition of the conical horn at the driver discharge
and with the elbow being replaced by the appropriate valve.
6. Orifices. Two sets of orifice tests were run using the 8-inch
pipe sections. The first set of tests included four or•i:fiCe
plates, each with a single, sharp-edged orifice located in its
center wiih orifice-to-pipe areas of 0.5, 0.1, 0.01, and 0.001,
respectively. The second set of tests maintained constant total
orifice area per test, but the number of orifice holds in the
plate was varied, i.e., with 1, 4, 16, and 64 holes.
The instrumentation consisted of Kistler 606L pressure transducers flush
mounted along	 uniform pipe sections, and two hot-wire anemometer probes
which coule be mounted opposite any transducer. These transducers and
anemometer-s were discussed in the Test Program section of the chapter on
Generation of Acoustic Waves. All data were recorded on magnetic tape.
Each test system was tested with the downstream pipe both open and closed,
which was permissible since there was no net throughflow. The test proce-
dure was simply to ramp manually the frequency control on the oscillator,
first from 50 to 600 cps, then from 600 to 4000 cps, recording all data
stations on tape throughout the frequency ramp.
Initially, tests were conducted with a cone-shaped section of reek wool
at the downstream end of the test system. The intent was to construct
a non-reflecting end which appears to be an infinite pipe so that no
I
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system resonances would ccur throughout the test program unless they
occurred between the horn driver and the element being tested. However,
these attempts failed primarily due to the inability to position the rock
;cool properly in the small diameter pipes. Other materials could have
If
been used which were easier to handle, but no further delays (that would
be required to order the material) in the test program could be permitted.
With either an open or closed end, syster. resonances do occur, and for
the lcrrgth of pipes used in this test program, thc resonances occurred
throughout the frequency range tested.
At first, the power level was held constant throughout the tests. However,
it was later discovered that this resulted in strong signal levels only
over the frequency ranges at which resonances occurred, and at other times
the signal-to-noise ratio was low enough to invalidate much of the data
analysis. Therefore, many of the tests were rerun with the power control
manually operated to achieve large signal-to-noise levels throughout the
test.
The second phase of the test program consisted of mounting the horn driver
at the tongue of both the Mark 10 LOX and fuel volutes and measuring the
acoustic oscillations in the pump discharge system of the F-1 engines.
The discharge system included all components up to and including the injector.
The pumps were not running during the test, the objective being only to
test an actual system for application of the developed techniques. The
test procedure and instrumentation were similar to that described above.
122
IV
Et R4M4=1K=1r»YM8 • A DIVISION OF NORTH AMERICAN AVIATION I N C
Data _Analysis Techniques
The objective of the analysis of the data was to express the impedance of
each element tested in proper parametric form and to solve for the parameter
values to compare these with their predicted values. To meet this objective,
suitable analog models with unknown parameters were developed, and a
multiparameter optimization technique was used to determine these jolrameters.
The optimum parameter values were reached when some defined error cr.terion
was minimized by the optimization scheme using the test data on magnrtic
tapes as inputs. The multiparameter optimization techniques used wo-e
developed for use at Rocketdyne based on the work reported in Ref. 22.
General Method. A physical system of order n may be described by a single
nth order differential equation or by n first—order differential equations.
Assuming a system of order n and having m parameters a i , the nth order
differentia] equation can be written in the form:
d n x 
= g ^x 
^ dx'	
d=, t, a , a	 a I
	 113), tn	 dt	 dtn-1	 1	 2	 m
and, to be complete, initial conditions are required of the form:
d- x	 —
dtl	
 Xi
t = 0
The parameters a  are generally the coefficients of the terms d lx/dt l , but
they are distinguished in the above equation form because these are the
parameters to be determined. It is assumed that the functional form of
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Eq .	 '.C.  , g, is kno% n although, in -Practice , the complete function g
is not always known, but an adequate approximation is known for a given
frequency range. - f, Cierefore, parameter values a i are approximated by
the valuer ai , this equation results:
	n 	
dt
n-1
•^ g (Y P dt ,	 d n i
	dt	
, t 
P *10 a,  	 am)	 (115)
Clearly, if ai	 ai for i - 1, 2,	 m, then y = x, and a correct
:solution is obtained.
In the parameter optimization problem, initial values of the parameters
(X
i
 are chosen and then adjusted so that a performance criterion function,
11, based on some defined error, is minimized. At this point, the model
output matches the system output. A suitable adjustment sch3me, either
continuous or iterative, is based on the steepest descent optimization
strategy in which the gradient vector, A 11, of the criterion function in
para ►nvLer space is found, and C a parameter vector adjusted at a rate pro-
portional to -tile negative of X711. The minimum of the criterion function
occurs wheii the gradient as well as the rate of change of the gradient
approaches zero, and the solution becomes stationary.
Parameter optimization strategies may be based on either Vie output error
(V	 ---	 y	 - z) or the equation error formed by using data in the equation
dnx	 dx
e	
dtIl - g (' ^ dt ' .
do-lx
dtn
11, t , a1 0'2,	 , am)
r2. Ii	 9 e^
1. Ii = Klel
,t
3. lI =	 e` dt
v
2
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It is necessary to define: influence coefficients, u i , as being; UP effect;
that a change in parameter 01i has on the error. Thus ,
a 
i
The choice of the criterion function is open but can only be considered
if the erro, , e, reaches a steady-state minimum at the correct par'11110;er
values. A few commonly used functions are:
The second criterion function is usually employed in continuous parameter
optimizations and the third (the common integral error squared, in iter-
ative optimizations.
The gradient components for the second criterion function are
all	 a e
e u 
and since the steepest descent method is based on adjusting a parameter
at a rate proportiona l
 to the negative of the gradient of the performance
(error) criterion function, H, then Obi = -kall/aai . Substituting; for the
gradient, component, C4 = -Keu i . A block diagram of the equation err(x
optimization scheme is shown below where the m parameters Q^ i
 are assamod
to form a vector U4 and, similarly, u  a vector u.
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4
Adjusted Parameters
%
eu
Modal
1"L ­ 	
R
. I ­ -__-___'___J  
The modal parameters can be determined for either linear or nonlinear sys-
terns assuming the system has been suitably excited. The following discus-
sion, However, will pertain to linear dynamic systems such as those used
in the acoustic analog models. Optimization on n parameters requires a
broadband forcing function which has power content in the frequency domain
near the regions of the poles and zero s of the system. A single-frequency
forcing function limits the number of parameters which can be determined
for a single input-output system. The system equation at a singlo fre-
quency is, in general, complex. Essentially, the optimization procedure
solves this complex equation for the real and imaginary component. In
those cases where the system equation is either entirely eal or imaginary,
only one tadcnown can be found with a single-frequency forcing function.
If two frequencies are simultaneously present in the forcing function, two
complex vquationj are available to permit determination of at least two
con►plex parameters. Therefore, when the excitation has broad spectral
content, n parameters can be determined.
In the output error strategy, the influence coefficients are found by
solving; a set of differential equations very similar to the model equa-
tion. If the model equation is complex (many adjustable parameters ,
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then the analog equipment needed to mechanize th ,. model, influence equa-
tions, etc., can become very	 rge. however, in the equ„t .on error
strategy, the influence coefficients aru- usually single-term expressions
involving one variable, and a set of differential equations need e ►ot be
solved. Because of this quality, the equation error strategy with contin-
uous parameter optimization was used for part of the acoustic impedance
parameter determinations. The other strategy en;ployed was an ik-rative
optimization based on the integral squared error its to pert'orimince (!ri teri on.
The elements modeled in the present studv were the elbows, orifices, valves,
and conical horn. The model used for each is briefly discussed below, but
in some cases the model is only a first approximation to the model which
could be used in more extensive further studies. In facet, for all the tests
the data were sufficient for rather detailed analysis with proper data
processing. Of course, the scope of the current effort would not permit
a detailed analysis, but in some cases; more detail would have been in-
cluded had not delays occurred in the test program. (In addition to the
elements modeled for the •g ave transmission study, several acoustic damper
concepts were tested and analyzed using these sane techniques. However,
these dampers are discussed in a succeeding chapter.
Tide tests were designed to yield both velocity and pre4,sure measurements
just upstream and downstream of the element tested. However, the vetoc : ty
data were not readily usable in the parameter optirization scheme. There-
fore, the inlet and outlet lines were modeled with the standard time-
delay equations, and pressures at both ends of the line were used to
generate the velocity at the junction adjacent to the element.	 To provide
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stability of the time delays,a small damping term was included in the
time-delay representation its a lumped 1)arameter at the end of the .irie.
A block diagram illustrating ttais is showri below.
1'	 P1	 R	 Po^
Time—Delay
da 	 Equations
Vo
	 	 V,
The equations for the damping term are
Vi	 V1
Pi == Pl + It (S Vl
Analog Models Used. The elbows were modeled by .a tee model with a shunt
capacitance as shown below. The shunt inductance was set equal to zero
for the elbow model but is included in the derivation of the equations
for later use.
	
It	 L	 PC	 L	 R	
P2
L'
	
S ^^r	 S V2
C
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A block diagram of the complete system wodel tales the form
l'c	
^0	 1 
	
Inlet Line	 It	 L	 L R	 0111 et Line
	
Time Delay.
	 '	 Time Delay
C	 I
Vo IV 	 V1	 ^	 ___._.	 __	 V^	 V;
	
Data: Po , Pl , P	 1',^,	 -
Using the techniques previously discussed, the following set of v(piations
are readily derived using the Laplace operator s to represent differentia-
tion and (11s) integration. Basic equations of the tee:
P.,-PC
 = (R+Ls) S V1
	(116)
PC - P` 	 (R + L s) S V2	 (11;)
P = S (V1 - V2 ) + S L' s (V1 - V2)(118)
By suitable combination of these equations,
( P1 - P2 )	 R (V1 + V2)
	
S s	 -	 s	 + L (V1 + V2 )	 (119)
(P +P)	 2 (V -V)
	 R (V -V,,))
S s2 = L (V1-V2 ) + 2L' (Vl-V2 ) +
	
	
2l 2 +
	
S	 (1,20
s C
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The equation errors, e l and e 2 , are defined as:r
It (V1 + V2)	 (P1 - P2)
cl _	
s	
+ L (V1 + V2 )	 S s
	
(121)
2(V1-V2) ( P1+P` ) R(V1-V2) ^o
e2 s L(V 1 -V,) ) + 2L (V1 -V2 ) +	 2	 - -- Ss + s	 (122)8 
Therefore, the influence coefficients used to compute the error gradient
for Eq. 121 are
3el	 (V1 + V2)
"It - aR	 s
ael
UL - 6  - (Vl + V2)
(1^3)
(124)
	
$1
mid the influence coefficients for Eq. 122 are
ae,)
u1/C	 a 1 C
2 (V1 - V2)
s2
(125)
(126)
ae2
ti L l	aLI	 Vl - V2
Us 1 ng air as
resistance i)
As a result,
was verif ied
attention In
SOL equal to
a test fluid
a Vie f low is
in Eq. 119 a
by the data,
the analyses
zero.
and with no superimposed steady-state flow, the
extremely small in comparison with the inertance.
nd 120 the resistance term is negligible. This
and since the resistance was not given particular
(except for the orifices), the resistance was
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The parameters L, L',, and C were optimized using the equation error strat-
egy on a continuous basis. The performance criterion selected was If v (,—/' .
The machine--scaled equrtions and analog circuit schematics are prescn'.1ed
in Appendix C .
In using a tee circuit to model the elbows, the frequency range over whicli
the model applies is limited In the elbow tests, the distance between PI
and Po
 was approximately 10 inches. The single tee can be accurately used
only for frequencies whose wavelength is 5 to 10 times the length of pipe
modeled which, for air with an acoustic velocity of 1125 ft/sec, restricts
the model to frequencies below some value between 135 to 270 cps. More
complex models could easily be constructed to increase this range of ap-
plicability in further studies. Therefore, all the test data were
analyzed in -the frequency range of 50 to 200 cps. An effort wiLl be
made in future studies to consider the higher frequency oscillations.
The orifice was treated as a pure linear resistance. The block diagram
including the error signal is shown below.
Po	 Pi	 P1	 P2 ^	 p3	 I'^}	 i'^1
Time	 Time	 Orifice	 Time	 i
Delay	 Delay
	 P = R D V	 Delay
V°	 1	 V1 -	 V 	 2 V2	 t V3	 Vif	 V11
P1 Data _ __w	 e	
eX	
_Wm^	 e2 dt
0
The iterative optimization scheme was used because the influence coeffi-
cients proved to be relatively complex functions involving partial differ-
entials of transport delay terms such as a Ts . The orifice resistance It
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T	 ,^
was given various values, and the performance criterion function II j e dt
was computed. Tile optimum It was that which resulted in minimum 11. 	 0
The ])torn and valve systems were treated as transport delays in which the
delay time was unknown. The block diagram of the system is shown below.
0	 "l	
--
-	 2	 T
1 1 data	 + Z e	 X	 e	 --r
	 e2 dt
G
Again, iterative optimization schemes were used along with the integral
error square performance criterion. The unknown transport delay for the
Born or valve was assigned various values, and the error term I1 computed
until a minimum was obtained.
Special Considerations. the analog mechanization of the tee network con-
tittuous parameter identification procedure required careful attention to
ensure successful computation. The data from magnetic tape were intro-
duced to the system through a parallel set of a-c couples lead-lag sys-
tetns) `to block the d-c content in the tape recorder output. Those signals
required to compute the equation error were formed and passed through an
additional. stage of matched high-pass filters.	 Calculation of the influ-
encc coefficients required integration which, unfiltered, tended to exag-
gerate low-frequency noise. Inclusion of this additional filtering stage
prevented dropouts in the parameter computation by suppressing the low-
frequency component.
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In computing the equation error, depending on the order of the system,
a number of stages of integration are required. Initial conditions on
the integrators were not known, and d-c errors result which, if not sup-
pressed, will be further integrated and lead to saauration. This problem
can be avoided by operating on the error equation with a term similar to
(sn)/(s + a )n where s is, again, the Laplacian operator. This operation
defines a new error, e', which, when mechanized, involves first-order lags
instead of integrators. The order n depends on -the order of the system,
and the break frequency 
a 
is chosen at some point well below the lowest
forcing frequency. Thus, the error e' behaves like the originally defined
equation error in the frequency range of the forcing function, but the
d-c components which would lead to saturation are eliminated.
The acoustic systems analyzed were forced by a slowly ramping, single-
frequency forcing function. In the tee model, using the variables PV
P2 , V1 , or V2 as inputs generally led to two-parameter, simultaneous ad-
justment schemes which were indeterminate at certain frequencies. By re-
arrangement of the defining equations of the tee system, it was possible
to reduce the problem to two single-parameter optimizations. This tech-
nique is evident in the equation form used in Eq. 119 and 120. with R
negligible, Eq. 119 is a function only of L which can be determined using
the input variables ( P1 - P2 ) and r^l + V2 ). Knowing L and with R And LI
equal to zero, Eq. 120 is a function only of C with the input variables
(P1 + P2 ) and(V1 - V2 )	 Thus, the coupled problem is arranged to Kermit
solution of two separate uncoupled problems.
Test Resul .s
The use of the time-delay equations with small damping lumped at the end
of the line proved to be very accurate, as was expected. In fact, it was
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pointed out previously that the pressure data were used in the time-
delay equations to generate the velocities required in the impedance data
analysis. Some typical early data obtained from the time-delay equations
with the input data are shown in Pig. 32. The only noticeable discrep-
ancy between test and computed values of P2 is the low-frequency, low-
..
amplitude signal .superimposed on the regular signal for the computed values.
This low-frequency component was eliminated in later signals by high-
pass filtering the computed values.
A sketch showing the actual dimensions of the elbows tested and their
length (based on the length of the centerline is given below.
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Figure 32. Typical Pressure Data From Wave Transmission Test Program
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Cas a ^1 ^2 c^ 1 t'2 t'e
1. M* - 90° 5.75 5.79 10.04
2. M - GO ° 5.50 5.40 10.03
3. M* - 30 0 5.30 5.30 10.20
It. It . 82 3.30 900 5.14 5.13 16.78
5. 4.82 3.30 60 0 5.23 5.40 14.89
6. 4.82 3.30 30 0 5.05 3.30 10.48
7. 3.67 A- 90° 5.18 5.15 14.82
8. 3.0 2.05 60 0 5.33 5. 1 3 13.45
9. 3.67 2.05 30 0 5.10 5.15 11.75
*Mitered elbow
The length t,e is the length required in Eq. 108 for computing the in-
ertai,ce between the pressure transducer taps at P 1 and P2 . The inertance
computed from &t. ?7 must be added to this to get the total predicted
inertance. These values are shown in the following table, along with
the experimentally determined values using the tee model.
Case R2^R1 (11) L; L2 L1 + L2 Le
1. Miter 90 0 0.160 0.014 0.174 0.165
2. Miter 60 0 0.160 0.010 0.170 0.157
3. Miter 30 0 0.190 0.005 0.195 0.167
It . 0.6fi 900 0.267 0.001 0.268 0.278
5. 0.68 60° 0.237 0.001 0.238 0.222
60 0.68 30 0 0.166 0.001 0.167 0.180
7. 0.56 90 0 0.036 0.002 0.238 0.230
8 . 0.56 60 ° 0.214 0.002 0.216 0.197
cl , 0.5() 50 0 0.187 0.002 0.189 0.180
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Ll . Pte/S (1b—sec"/ft3)
L2 = 2G p (RI — R`)/S (lb—sec`/ft5)
Le = experimental value (lb—sec2/ftJ)
The value given as Le , the experimental inertance, is the sum of the two
inductances in series with the line in the tee model multiplied by the
appropriate factor to give identical units. The value of the inductance
in the tee model as determined by the parameter optimization data analysiIi
technique varies over a small range when the data appear to be real good.
Each time noise enters the data, the inductance falls toward zero. As a
result, the maximum i"Jactance determined -i s accurate but a minimum is
somewhat arbitrary requiring an individual's decision regarding what
constitutes legitimate data. Therefore, rather than using the average
value (which is 90 to 95 percent of the maximum), which contains the
arbitrary minimum reading, the maximum value was used in computing L .
V
A true experimental value would be expected to lie between the average
and maximum values.
It is immediately obvious that the elbow inertance computed by the plane dis-
continuity assumption is negligible compared to the line inertance except for
the mitered elbows and, even for these, this inertance is at most. only about, 9
percent of the line inertance. This prevents any quantitative check of Ole
results obtained by the plane discontinuity assumption, but qualitatively, the
experaiimentnl results do verify that the computed plane discontinuity inert,unc.e
is indeed small compared to the line inertance. This permits treatment of Hie
elbow as part of the uniform duct as long as the wavelength is long compared
to the elbow length. It should be pointed out that tests in liquids with a
flexibly supported elbow (Ref. 23) also indicated that the effect of the elbow
en wave transmission was negligible except for the mechanical pipe vibratiovH
attributable to the presence of the elbow in the line. In the present test,
system in air, no mechanical vibration problems were encountered.
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The experimental inertance is usually lees than the theoretical, being
on the average 96 percent of the theowetical. The worst case is the 30-
degree, mitered elbow where the experimental value is only 86 percent
of the theoretical. Although the inertance results do not indicate as
good agreement as was expected, it should be pointed out that the elbow
inertance analysis resulted in an equa_ion error which was less than 1
percent of the data amplitude, which is considered a good optimization
of the parameter. Furthermore, the results were identical with both the
open and closed downstream ends.
Using &j. 109, a compliance was computed for the 90-degree, long radius
elbofr, which should have the largest compliance of any elbow, and a value
r
of 3.8 - 10-6 (ft,flb) was obtained. This is a very small value, as ex-
elected, and, as a result, the determination of the complii.i,ce from the
analog model was characterized by large errors in comparison with the
error associated with the determination of the inertance. The value de-
termined was equal to 4.3 - 10-6
 (ft3/lb), which was considered good agree-
ment considering the difficulties. No compliance was e4termined
experimentally for the other elbows.
The Mark 10 valves were tested in the wide-open position where, as pre-
viously pointed out, they do not reduce the flow area at any cross section.
In this case,, they do not act as a barrier to the flow and should act simply
as an elbow. The power levels on the valve tests were not adequate to
give significant signal-to--noise ratios in the frequency range where the
tee model could be used. Therefore, the fuel valve was treated as a
portion of straight pipe with an unknown length. The data analysis scheme
solved for the time delay with minimum error to represent this section
of pipe. The error is shown in Fig. 33 as a function of the assumed
discrete values of time delay. The minimum error occurs at a time delay
138
Ib
No
M
H
cn 20
I& O40=w=TaWM= • A OIVI•ION OF NORTH 4MR01ICAN AVIATION, INC
MAIN FUEL VALVE MARY 10 PLW
EQUATION ERROR AS A FUNCTION OF THE EQUIVALENT
TIME DELAY OF THE VALVE PLUS THE DISCHARGE PIPE
ASSUMING THE VALVE CAN BE TREATED AS A SECTION
OF STRAIGHT PIPE.
25.0
15.0	 _. 1	 L	 I	 1	 J
1.05	 1,o6	 1.07	 1408	 1.09	 1110
TIME DELAY — `V Z 102 ( SEC )
Figure 33. Data Analysis of Fuel Valve, Error Signal vs Time Delay
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of 1.075 • 10-2 seconds, but this represents both the valve and discharge
pipe time delay. Since the time delay equals the pipe length over the
acoustic velocity, this time delay represents a pipe length of 145.1
inches. The actual discharge pipe is 129.5 inches in length, plus the
inlet pressure tap is 2 inches upritream, so that the effective length of
the valve is 13.6 inches. The fuel valve has a radius ratiu of approxi-
mately R./R1 = 0.10. Treating the valve as the elbows were treated, its
V
length would appear to be (t + 2G (Rl -1 2 )) where t, is the centerline
length ( = 11.50 inches. Determining a value of 2G from the elbow table,
the predicted valve length would be t,e
 = 13.5 inches, which agrees very
well with the experimentally determined value. As a result, valves of
ti)is tYpe which do not restrict the cross-sectional area also can be lumped
into a uniform pipe length with a slight adjustment of actual length.
In the valve data analysis using the tee model, the results were not good,
as mentioned, but it was interesting to observe that the data indicated
a much larger resistance term than did the elbows. The pressure drop
,through the valves is known to be rather large.
The orifices tested were in two categories. First, a set of four tests
were performed on single, sharp-edged orifices with various orifice di-
ameters; and second, three cnultiorifice plates with constant total hole
areas were tested, the number of orifices varying from 4 to 16 to 64.
The orifice data were not as good as the elbow data, but the orifice re-
sistance was determined as described in the description of the data
analysis techniques. Using Eq. 86, 91, and 96, the orifice resistance
in cacti case can be computed. For the multiorif.ice plates, the resistance
of it single orifice is computed, but the total effective resistance is
equal to the resistance of a single orifice divided by the number of
orifices since resistances in parallel add as reciprocals. Also, note
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that the resistance term defined by D1. 96 is dependant on the velocity
U in the orifice. The velocity in the pines is essentially constant for
all tests so that the velocity in the orifices is proport . )nal to the
orifice area. In the first series of tests, the area varied by a ratio
of 500 so that large differences of velocity are obtained.
The following res • ' ,s were obtained from the orifice resistance calculations
and from the test data analysis.
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2.828 1 182 2.4 0.43 0.02 0.02 0. 11 7 0. 17 1.115
1.265 1 210 12.0 0.58 0.11 0.60 1.29 1.29 29.S
0.400 1 213 120.0 0.59 1.18 60.4 62.17 62.17 22.4
0.1265 1 141 1200.0 0.26 10.75 6000.0 6011.0 6011.0 29 .6
0.6325 4 213 12.0 0.59 0.46 2.4 3.45 0. 86 l 1 i .9
0.3125 16 217 '2. 3 0.62 1.98 10.0 12.60 0.79 2>.3
0.1582 64 210 12.0 0.58 8.13 38.6 47.31 0.71E 26.1
All of the above resistances have the units of (lb-sec/ft 5 ;. The total
effective resistance iakes into account the parallel resistance for the
multiorifice plates.
The experimentally determined resistances uo not resemble the calculated
resistances at all. There are obviously errors involved at some joint
in the process of obtaining the data and analyzing it. The error is
not expected to be in the analytical equations since these, for the most
part have been at least partially verified previously. The errors do
4
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not appear to be mistakes in the numerical calculations since this would
not be expected to result in consistently bad results, particularly since
the trends of the total effective (calculated) resistance appear to be
consistent with all expectations. Furthermore, the data analysis technique
is riot unusual, norinadequate, assuming the orifice to act as a pure re-
sistance. The resistance obtained from the data analysis in each case
represented a clear minimum error and did not indicate any reason to doubt
the values obtained. This leaves the data obtained from the tests as the'
most probable source of error.
The conical horn was treated very artificially because time did not permit
a more detailed analysis. The horn was treated as an extension of the
discharge pipe, and the effective horn length determined by calculating
an optimum effective time delay for the horn plus pipe, as with the valve.
It would be desirable to be able eventually to represent a horn or, for
1)resent applications, a volute as simply an extension of its discharge
line, but the present analysis has not been subject to sufficient veri-
fication to stress the present results. Nevertheless, the minimum error
was obtained for a total time delay of 1.125 • 10 -2
 seconds (Fig. 34),
corresponding to a length of 152 inches. The discharge pipe length was
1 34 inches, giving an effective length of the horn of 18 inches. The
physical length of the horn is 65.2 inches. Therefore, treating the horn
as it uniform extension of its discharge pipe resulted in an apparent
born length of only about 28 percent of its actual physical length.
i
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CONICAL HORN
INLET DIAMETER= 1/5'INCHES
DISCHARGE DIAMETER : 8.0 INCHES
EQUATION ERROR AS A FUNCTION OF THE
EQUIVALENT TIME DELAY OF THE HO1W PLUS ITS
DISCHARGE PIPE ASSUMING THE MORN CAN B1: TREATE
AS AN EXTENSION OF THE DISCHARGE PIPE.
510
1108	 1:09	 1110	 1111	 1112	 1.13
TIME DELAY - V x 102 ( SECONDS)
Figure 34. Data Analysis of Conical Horn, Error Signal vs Time Delay
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CONCLUSIONS AND FUTURE RECOMMTNDATIONS
It has been demonstrated both analytically and experimentally that for
plane waves both elbows and valves can be treated as extensions of the
uniform ducts they connect. The effective length of each is the sum of
the centerline length plus an inertance correction factor calculated by
assuming these elements to constitute a plane discontinuity. This cor-
rection is small for both the elbows and valves, although for a butterfly
valve which was not tested there is no additional line inertance. Re-
sistance of these elements was not considered, but the resistance term
is easily incorporated. Since the uniform ducts can be treated using
the time-delay equations, the incorporation of all elbows and valves in
with the ducts greatly reduces the complexity of a system analysis. For
the Mark 10 pump discharge system, this would permit treatment of the
discharge line from the volute discharge to the manifold as a single,
uniform duct.
The Rocketdyne volutes were shown to obey approximately a linear area
vs distance relationship. The horn wave equation was solved for this
condition, but the resulting equations were too complex to be of much
use in a general system analysis. Therefore, the volute was to be seg-
mented, and each segment treated as a simple R-L-C model. The test data
using a conical horn were treated somewhat differently in that the horn
was assumed to be a uniform duct of diameter equal to its discharge
diameter, and the effective length of the horn was determined. This re-
sulted in an effective length of about 28 percent of the actual length.
11'ui-ure studies should be pursued to extend the analysis to more complicated
1110dels al)plicable in regions of higher frequency. Also, many areas of
144
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wave transmission applicable to pump discharge systems were not .included
within the scope of the present effort. Areas which were not investigated
but deserve study include the transmission of waves back through the
turbopump, transmission in manifolds, chambers, and injectors,	 the effect
of an open side on wave transmission through volutes, effects on wave
transmission of a superimposed steady flow, and deviations from the plane
wave assumptions. Some of these will require primarily experimental
efforts, but many could be treated analytically using the techniques
described in this chapter.
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BLADE WAIF OSCILLATIONS: REINFORC MINT OF
PRESSME WAVES IN PUMPS WITH VANED DIFFITSMIS
It has been pointed out that the hump velocity field, unsteady becatust^ of
the relative motion of rotating and stationary parts in it hump, is 1-espot ► -
sible for generating acoustic waves which travel both upstream and dowilst,reaul
of the point of generation. The acoustic waves of particular ,
 cola el-11 ill Lut , bo-
machinery are generated as a rotating blade passes it s tat i onary blade, c' . 9 . , 11111
impeller blade rotating past a statioriary downs treaill di f fuser valle . I I' Cher-e
are many such impeller and diffuser vanes, then eacheach i.ime till inlpetter hladt.
passes any diffuser vane acoustic waves are generated.
If this multivaned diffuser feeds a scroll for volute) with 11 single dis-
charge and/or inlet, then the waves from each diffuser  vane will be C i ,ave l -
ing toward a common point. If these waves reach this point tit the wine
time, 'they will. be superimposed, and for present purposes, it 1 ine^lr super-
position can be assumed. Clearly, each wave has the same frequency and
similar amplitudes; however the phase of each wave depends upon its wave-
length and the distance from the point of superposition to the point, u1'
origin of the wave. If each wave is exactly in phase, wave re.irtforcewoilt
is said to occur, anti the resulting wave amplitude will, with L'hese
approximations, simply be the sum of the amplitude of each wave. Por ex-
ample, with 20 diffuser vanes, ware reinforcement due to phase coincidence
would result in a discharge wave amplitude 20 times the amplitude I;erie.---
ated at each vane. If, using again the example case of a 20-vane diffuser,
the phase shift of waves from two adjacent vanes is `2'R/20 radians, then
the vector sum of the 20 amplitudes would result in zero net ampl itude.
Strub Ref, 1 ) has derived an analytical solution for calculating the
pump operating conditions at which wave reinforcement would occuj% This
solution is presented below and is adequate for most case;. Ilowever-, a
slight generalization is required to more accurately analyze the lump
tested in the present study.
i
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The velocity at the tip of vane 2 traveling toward B is:
U  = IrD in
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DINELOPMINT OF 'AIM THEORY
Pressure Fluctuations at Pump Discharge
A cross section of a pump showing an impeller, a vaned diffuser, and a
volute is presented in Fig. 35A. The acoustic pressure wave generated
by impeller blade 1 at E will travel outward and proceed toward the dis-
charge along CD. This assumed path of travel is approximate but should
be valid as long as all waves are considered to travel along similar paths,
because only the relative phase of the waves is of interest. At a later
time t,	 impeller blade ti generates an acoustic pressure wave at B which
will travel outward along BD.	 At this point, the two waves will combine
vectorially, depending upon their phase relationship. If the difference
between the number of acoustic pressure waves along the mean line of the
volute CD and the number of acoustic pressure waves generated in the time
required for impeller blade 2 to rotate from A to B is equal to any integer
m, the two adjacent waves will be in phase and wave reinforcement will
occur.
Development of the criterion equation for wave reinforcement can be facil-
itated with the use of Fig, 35A. The di:stance between the impeller vanes
Eal =: 1TDi/li where D i
 is the impeller diameter and Z ,I is the number of
impeller vanes. Similarly, the distance between the diffuser vanes pro-
jected along the impeller OD is Iii = ?TD i/Zd
 where Z  is the diffuser vane
number. The distance AB is then:
IA
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Figure 35. Sketch of Relativc Positions of Impeller and Diffuser Vanes and Vo1ul;c
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where n is the pump speed (in rps). The time required for impeller blade
2 to travel the distance AB is then:
A13  
_ 1
-71 d I i
(109)
Because the frequency, f, generated by the impeller blades is jl in (where
j is they order of Harmonic, j ^ 1 being the fundamental) then the number
of pressure oscillations 8 1 in time t 1 is 61 - ft  or:
A 1	 j'^i	 (130)/.
	
1	 jd	 r i
Along the y mean line of the volute:
	
CD	 ;TDv/lcl 	(131)
where 1)v is the mean volute diameter in feet. The speed of propagation
( V w ) of the waves along CD is:
where c Find v (ft/sec) are the speed of sound in the medium and the mean
Hnid vol ute velocity, respectively. The frequency of the acoustic pres-
sure wave being as above f = jl in, the wavelength of the waves along CD
is:
V
	 (c4-_	 vjf	 j! n
i
(133)
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The nurl)er of pressure oscillations in the length CD is then:
CD _
/^ 
ve
 i n
	
(1311)
As previously stated, the criterion for wave reinforcement is that the
difference between the number of pressure waves along AB and CD be an
integer m, or 8 1 - 82 = m. This gives Strub's wave reinforcement cri-
terion equation:
i
1 - 181 - 82 s [7d- i
;7Dvjzin
j2 i - zd cam'=m (131)
or simplifying:
Z i z  - Z i	 ?►Dvn	
m
z  Z` + c + v j (136)
The mean fluid velocity (v) in the volute is a function of speed (n) at
a given pump flow coefficient, this relationship being:
144
S 0	 7.481
where Q is the pump flowrate (gpm) and S is the volute discharge area at
the tongue (sq in.). This area is taken because the fluid velocity insider
the volute collector scroll should be constant up to the tongue where
diffusion then begins. For a constant flow coefficient, Q = HN where N
is in rpm, Q is gpm, and K is a constant. The fluid velocity is then:
V
_	 IN 144
	 Kn 144
	
KIr► 	 (138)
- 7.48 ► (60)S -	 7.481 S	 S
where
n = pump speed, rps
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Substituting Fq, 138 into Eq. 136, and solving for n, yields:
L	 Ii	 ?i
n =	 ^
?CD v - 1 - ^,^ +
i
._i	 c
(139)
Zdm I{'
'L
i	
Si
This equation permits computation of the speeds at which the ith harmonic
will result in wave reinforcement, and it is adequate for most cases.
Notice, however. that 80 (Eq. 134) is the number of pressure oscillations
in the length CU of Fig. 35A. In Eq. 131, the distance CD was expressed
in terms of the mean volute diameter; D v . However, if the rate of change
of Dv with distance is not small relative t,) the wavelength of interest,
tbon the use of this mean value may lead to inaccuracies, as happened in
the rase tested in this study. That :,s, if the number of wavelengths in
it given distance is calculated to determine the phase of the wave, and
the distance used is wrong by some fraction of a wavelength, the phase
angle calculated will be off by the same fraction of 360 degrees. However,
by using the same principles which Strub presented, a more general approach
can be developed to handle this case of short wavelengths.
Assume Z(] diffuser vanes and, as before, assume the amplitude of the wave
1enerated at each vane is equal. A further assumption is made that the
waive can be expressed as a sine function. Letting Y equal the resulting
amplitude of the superimposed waves divided by the amplitude of an indi-
vidual wave, then:
Z (I
Y = j sin (W t + T7 )i^
i=1
(140)
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whe re
W - circular frequency of the waves
17,i = relative phase of each wave
Now 77i can be expressed further as:
- Q. .. W 8i	 ( 1
where Q. is a function of the distance traveled from the ith diffuseri
vane to the point of superposition of all waves and b i is a function of
the generation time of the wave (i.e., the time at which the impeller and
diffuser blades are in a given relative position). Actually, 17 i should
include a constant term, but this can be neglected because only the rel-
ative phase angle is of interest here. Strub has considered the care
77i+1
	
17i + ® ?1 where d 17 was a constant. His 0, corresponds to 6 i and
e2 to (7 .
The relative phase of the waves due to their different distances of travel.
is directly proportional to the ratio of this distance to the wavelength.
The wavelength was computed in Eq. 133; now, if the distance traveled
from the discharge of the ith blade to the point of superposition is Ti,
then:
The distance T i is a function only of the volute geometry and can o p cal-
cuiated for each diffuser vane.
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The time lag 8  can be expressed as:
8  = si/Ut	 (143)
where s. is the distance between the i th diffuser vane and its nearest
1
neighboring impeller vane in the direction opposite to the impeller rota-
tion, and U is again the impeller tip speed. In Fig, 35A, the distance
AB corresponds to s i
 for the second diffuser vane. Of course, s i has to
be determined for each vane for a single orientation of the impeller, al-
though any particular orientation can be used because of the interest
only in the relative phase. Clearly, s  is directly proportional to the
inverse of the number of diffuser vanes minus a constant times the inverse
of the number of impeller vanes, i.e.:
Al A2
si 
« z d - Z1
Returning to Eq. 140, and rewriting:
7d
Y J sin (Wt + 77i)i
i=1
z 
	
z 
Y = sin W t )cos 77i + cos W t	 sin 77i
	
(144)
	ia1	 i=1
To determine the maximum value of Y with respect to time, set dY/dt = 0
land solve for t. This yields:
z 
t = I tan-1FW	 IL= 1
z 
cos	 sin 77i
i=1
(145)
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Equation 145 can be solved for t and substituted back into I?q. 1 1A to
determine Y.	 The solution cannot be expressed to :solve	 fora speed at
which reinforcement would occur, but ratiler,	 the solution proceffilre re-
quires a speed to be given, and then the ampi ittide car, be completed. How-
ever,	 this solution has the advantage in that it gives the expected 111ax-
imum amplitude at any speed, not ,just at the points of plinso coincidence
of all waves.
Pressure Fluctuations at the Beginninf; of the Volute
In -the case presented in the preceding; section and illustrated in	 1,,ig.	 55a,
there were more impeller vanes than diffuser vanes so that wive rei.nforce-
ment could occur only at the pump discharge. Tf there are more di. f riser
vanes than impeller vanes. as in Fig. 75b, wave reinforcement occurs pit
the beginning of the volute. The criterion for wave reinl'orcement .i.t the
begr i.nning of the volute can be developed in it manner similar to that pi-e--
rented in the preceding section. In this case, the number of pres;4111.e
oscillations in the tictae for the impeller to traverse AB is:
el
 =[
1	 1
Ti - Td jZi 01,6)
The speed of wave propagation toward the beginning of the vo Itite now is
(c - v). This gives the number of pressure o.icillations in CD ,I.,,:
7rD v jZ,n
_	 1
^2	 Z 	 c - V
and the criterion equation for wave reinforcement is:
7,. Z - z.
	
n n
Z	 d	 r. _	 v	 m
z  z 
	 c -_v  ^ j
(1W)
( lets)
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or (as a ftalnction of speed for it given flow coefficient, as in 1?q. 139:
t - ,^
	
d
+	 .m c
	
7. i 	Ii J
n	 I	 !	 1	 0119)1
[
TTD - ^ 1 _ cl _^ d m
v S	 ! '!,
As before,	 ExI. 149 permits computation of the pump speeds at which wave
re i of o I-c:ement would occur at the beginning of the volute for large wave-
Iongths. The generalization to the short wavelength case can be carried
out as before.
I- XI'HU MINTAL CONFTItM, T I ON
C ►ticulrii,ions fur lt-ocketdyue Pannp:l
Several Ilocketdyne
conditions o l' %%!ave
I'11e I punlps ^	 The Ma
Parch, but, t11e Mark
2 !1 impeI I e r vanes.
pumps wi th mill tivaned diffuse: s were investigated for
reiltf'orcement, i.e. , the Mark 3, Mark 19, and Marls 0-6
irk 3 and Mark 19 fuel. ,lumps have 13 diffuser vanes
7 puml1 has 10 ittipeller vanes and the Mark 19 pump has
These two pump configurations tare each representative
o I' one o I' the two cases o C' the impe I I er vane number Z i being greater and
I e s	 11,111 tit( , d i i' fu se r vane natillbe I , 7, c1 (i.e. , l i > Id and 7, i < Id )
61-,1ph.s o f the solution of 1;q. 139 for- the speed in air of the Marls 3,
"1,111: 19, and Mark 20 t'uci ,lumps a ,Pe presented in Fig. 36 as a function of
the pal • ,11110 ' er 1:1 j at the I)eginni.ng of the volute. For the Ma`- 3 at m = 0
and N	 5900 t-pm, !lacy I'urldament.al itnheller blade wake frequency and all
hal ,111onics wi I I h a y e phase coincidence resulting in wave reinforcement.
I'11(,
 col-ree,1 and iu 'o; speed required in fuel (m/j = 0) is 16,500 rpm, much
1u1^^;e1 thalll tats uol;livaal operating speed of the pump in fuel, which is
0-500
150
AOC>•C>BTDYnTB 0 A DIVISION OF NORTH AMERICAN AVIATION INC
IMPELLER BLADE NUMBER
	
=
DI?'FUSER VANE NUMBER
	 =
VOLUTE DISCHARGE AREA (in2 =
MEAN VOLUTE DIAMETER (in =
OPERATING Q/N
FLUID
	 =
MARK 3 MARK 19 KAM 26
10 24 29
13 13 19
1.43 2.37 12956
18 14.4 12.20
09302 0.138 0.398
AIR AIR AlR
30
REINFORCEMENT OF THE jTH
HARMONIC UCCURS WHEN m IS
ANY INTEGER.
25__
^O
a
20'
15^
I
10
5
0
-2 -1 0 1 2
PARAMETER m/j
POINTS OF
I`	 RyINFOR(:	 pQ	 L LLL L L LLL D LLL L
1 1 1 1 1
HARMONIC:
	
2	 2 2	 2	 2 2 2	 2	 2 2
3	 3 3	 3	 3	 3	 3 3 3	 3	 3	 3	 3 3
Figure 36.	 Reinforcement of Pressure Waves From Vaned Diffusers
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For the Wirk 19 fuel pump, the graph indicates that wave reinforcement
(m/j 0) at the pump discharge occurs at it of 9 1 00 rpm in air.
For hydrogen fuel, the corresponding required pump speed is 7%, 500 rpm,
its compared with it nominal operating speed of 27,000 rpm. Higher harmonics
o1' the Wade wake frequency are not considered, because the amplitudes are
generally considerably simaller than those of the fundamental..
The Mark 26 pump indicated the best possibilities for test in the air rig.
The curve indicates that for this pump, reinforcement occurs at m/j = 0
tit	 Si speed of 7800 rpm. The equivalent speed in fuel (L1I,.) )	 is 128,400	 rpm
with an operating speed of' 2 1j- ,200 	 rpm. The phase coincidence speed of
7800 rpm was attainable in the air test facility, and the phase coincidence
speed	 in Nie l 	was close to the nominal. operating point.	 These factors
made this pump the best choice of pumps available for a test program.
Test Setup and Procedure
The Kirk ` 6-1,' pump was assembled and tested in the J-2 air test facility.
5ke .,ches of the test setup are given in Pig.. 37 . Endeveo pressure trans-
dticers Aver p installed in the discharge ducting to obtain dynamic pressure
data,, Cares was taken to ensure mechanical isolation of the discharge
clue t i ng from the mime i)eciiuse of the sensitivity of the transducers to
mechanical. vibration. The discharge ducting was designed to have as little
impedance as possible, and a baffle at the discharge was used to reduce
reflections of the acoustic wives back into the discharge duct. The nozzle
Pot' I'lo v, 111c fasurelljont and the butterfly valve for throttling were icistalled
iii	 Cite	 pump inlet. Flow strai gh ten e rs were installed down st ream of the
l)utterf ly valve to reduce swirl_	 ensuring favorable pump inlet .flow
conditi ons.
DIK 26
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Figure 37. Mark 26 Fuel Pimp Teat Cenfigni- l.tion
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The dynamic; data consisted o f six channels on tape for Pndeveo pressure
traiv,doc,er d€ct€ ► and one channel for pump speed. Steady-state data con-
sisted of pressures and temperatures required for pump performance calcu,
l€ ► l ions and were read manually from manometers and thermometers.
To obtain the desired data, variable-speed tests were run for three :flow
coefficients. Before the test, the flow coefficient was set at the de-
si red point at a bump speed of 7000 rpm. The speed was then changed to
11000 1
 
6000, 8000, and 10,000 rpm with the pump performance data taken at
each point,.	 ;'lie data were taken as fast as possible to ensure that the
pump transients such as pump temperature, which changes with speed, were
eli,idnated to represent more nearly the conditions encountered in a
variable-speed test. The pump speed was increased from 4000 to 10,000
i • pm i,n approx i mate ly 30 seconds. This method resulted in some data scatter
I,ut w€ ► s of sufficient, accuracy for flow data.
After e€ eli pretest sequence, the test would be run with speed increasing
fron1 1 000 to 10,000 rpm and after a short period (3 to 5 seconds), from
10 1 000 back to 4000 rpm. The manometers and temperatures were read during
tl ►e short period the pump speed dwelt about 10,000 rpm for an additional
check, on performance.
lleducti on of' the dynamic data was done in the an€ilon computer facility,
usi ig the tracking, filter. The tracking filter eliminates all frequencies
except that specified as a multiple of the pump speed. The frequencies
appli cab le f or the Mark ` 6 pump are the lust-stage rotor blade frequency
29 11 (1-oto1* v €I,;es . rpsI . Higher €end tower harmonics ca.. be found
by L1 •fccicing tnult iptvs of pump speed of 58 and 14.5 11, respectively.
101)
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Discussion of Results
The results of the Mark 26 air rig tests at nominal flow tire shown in
Fig. 38. The data (as recorded on the Brush records) Lire the amplitude
of the pressure oscillations in the pump discharge system obtained after
filtering at the frequency specified. This filter frequency is deiiot;ed
as a multiple of pump speed so that the filter frequency changes its speed
changes. Also shown is the pump speed, as it ramps from 4000 to 10,001 rpm.
The amplitudes of the pressure oscillations in the air tests are
small as expected. These oscillation amplitudes should scale according
to the ratio of the specific acoustic impedance ( = P e ) which is it
characteristic property of the medium. In addition, for the M«u • k 20
pump, the spacing between the last-stage rotor and the difruser vanes is
approximately 2.5 rotor vane chord lengths. This is sufficient distance
for the velocity variations forming the blade wakes to diffuse  through
momentum transfer so that the forcing; function is reduced ill
Furthermore, with 29 rotor vanes, the blade loading is reduced so Chat
smaller velocity variations are expected, even immediately downstrefill) of'
the rotor. Because of these considerations, the amplitude Levels =,c
expected to be very low.
The filtered data show higher pressure oscillation amplitudes at speeds
from 6900 to 7600 rpm with a peak at 7200 rpm, and from 0400 to 10,000
rpm with a peak at 9500 rpm. The predicted point of reinforcement usin;j
Strub t s equations is seen from Fig. 36 to be approximately 7500 rpm. The
predicted value was determined using C = 1120 ft/sec and Q/N =_= 0,,398,
while during the tests, these values were C = 1160 ft/sec and Q/N -_ (). jow
Using these corrected values, the predicted speed for m _ 0 becomes 8100
rpm. However, for the Mark 26 pump:
*NDv > >(1 - Zd/Z i )K t / S
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Absolute Value of Dibaharse Pressure Oscillations
Filtered At frequency = 29N
N Pump Speed -- Flow Coefficient 0.09375
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Figure 38. Air Test Data for Wave Reinforcement in Mark 26 Fuel Pump
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so that in Ff q. 139, the denominator is essentially ITD V idiere D V ivas de--
fined to be the mean volute diameter. In the present case, flie witve l en!O li
tit 8100 rpm is:
X ^ 1160 x^^ Ao00 x 12 " 3.56 inches
_
The mean volute diameter changed from MAT') to 1 -).62 13 inches, so tltzit ,  thc
change in the mean volute diameter from inlet to di-charge i:l:
A Dv = 1 3.6^5 - 10.6:0 3 = 3.0 inches
`bus, the change in the mean volute diameter is approximately equal Io
the wavelength of interest, and the generalized solution presented previ-
ously .Ahould he used. The resulting relative amplitude Y is shown in
Fig. 39 as a function of speed. The maximum possible valcte of Y is	 N.Of
and this maximum is never reached for the speed range shown,
Data show increased amplitudes in the 6700 to 7800 rpm ranfre which corre
-
sponds to the region where Y exceeds a value of 9.0. PewA values of both
data and Y occur at approximately 7200 rpm. The data also show it slight
increase in amplitude at a speed of 8400 rpm and, similarly, Y .shows f in
increase in amplitude at the same speed. However, the predicted amplitude
Y does not reflect the increase it, amplitude observed in the data in the
9400 to 10,000 range.
If Eq. 136 is rearranged to solve for the mean volute diameter D v , cind
m/j is set equal to zero, then:
D	 1 F1_ Zd c K'
v IT L Zi In S
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I
I = WLITUDE OF ALL LAVES . MDMSF-D
AMPLITUDE OF A SINGLE WAVE
WITH 19 DIFFUSM BLADES: Yrux = 19.0
Y
M
CrN
o
ArYY) Arm	 AMI loom 12
SPEED N)RPM
Figure 39. Relative Amplitude of Superimposed Waves in the Discharge
of a Mark 26 Fuel Fump
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Using the values encountered under test conditions and using speeds of
7200 and 9500 rpm, the effective mean diameters .'or gave reinforcement
are computed to `)e 13.51 and 10.4 0) incises, respectively, for the t wo speeds.
These values are similar to the mean diameters at the begi nning and (HA—
charge o f the volutes, which values are 1(1.625 and li.62) inches. :also,
at 9500 rpm, the wavelength is 3.12 i nches,, %,-hi ck is approxinucto1y edua l
to the difference in these mean diameters. Therefore, the increased
amplitudes of the data at 9500 rpm prol ► ttlily result from these simiIarities.
The oscillations from this same test were f i 1 tered at 18 n to (fete rs ► ine
the second Harmonic oscillation amplitudes, l,ut n (I sibMi ficant ti ► nl ► ! i t.wies
were obtained in the data. However, for the second harmonic k•hich, I ► y
definition, has twice the frequency, the wavelength i s only Ilne-ha I l' as
large. At 7200 rpm, tli: 3 wavelength is only 2.16 inclses, and the dis-
charge  duct is 4 inches in diameter. Therefore, these u;aves umild nmt he
expected to propagate hut, rather, to damp out exponentially with distance.
The subliarmonic was determine(] by filtering at 14.5	 n. At this frequency,
no wave reinforcement is expected, and none was observed ;it the data.
Tests were also run at in flow of ±30 percent of nominal 1' l m; . The f i I tered
data for the fundamental frequency (29 n) are shown it. Fig. 4i ► and !c 1 .,
Each set of data show th ,.! same trends with hi gher-pressure oscillationIn
amplitudes occurring at
in flow results in a pr
For the Mark 26 pump at
city is only i5 ft/sec,
equation in the term (c
in v of 31 percent will
almost equivalent speeds as expected. :1 change
oportie;'lal change in the mean volute velocity.
nominal flow and 7200 rpm, the mean volute ve111-
As seen from FAd. 136, this velocity enters the
+ v) where c _ 1160 ft/sec. Therefore, it cliange
change (c + v) by only about `? pe rcent.
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,A1 PLICATIONS
The method developed by Str-ub for computing the speeds at which wave re-
inforcement would occur agrees well with data if the wavelength is large,
and agrees fairly well with small wavelengths. The generalization of the
theory permits a more accurate analysis for the Small wavelength case.
As a result, these analytical techniques were introduced into pump design
procedures to reduce oscillation amplitudes in the pump system.
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BLADE WAKE OSCILLATIONS: ATTENUATION OF ACOUSTIC
WAV BY ACOUSTIC DAMPERS
The blade wake oscillations cannot be prevented in a turbopump. Optinuun
design, from an oscillation standpoint, of both the turbopump and the pump
system can reduce the amplitude of the oscillations sufficiently to pre-
vent them from being detrimental to the overall engine system. IIowever,
other design criteria, e.g., maximum efficiency, may require operating;
conditions which result in oscillation amplitudes large enough to be a
potential threat to the system. This may particularly be true in hiprh-
pressure pumps where the ratio of pressure oscillation amplitude to steady-
state pressure may be relatively low, but the absolute oscillation ampli-
tude may still be undesirably high. It was pointed out previously that
the first rule for attenuating oscillation amplitudes is to prevent any
part of the system from being in resonance at the blade wake frequency.
If this is not practical, or if further attenuation is required, resort
must be made to an acoustic dawper (or an acoustic filter, the terms being
used interchangeably here).
An acoustic damper is defined here to be an element which when added 'to
a system with acoustic , ves, results in a reduction of the oscillation
amplitude downstream of the direction of travel of the waves. Although
this definition is broad enough to include essentially any element,
an elbow which causes some slight wave attenuation due to its resistance
to flow, only those elements are considered which are added for the sill
gular pw2pose of reducing oscillation amplitudes.,
Although the term "damper" is used here for these elements, it should be
pointed ent that they do not, in general,	 derive their of f'ectivene:.3s
through damping in the sense of energy dissipation through high
169
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Rather, they ac 4*. to divert the oscillations from their original pftth of
travel or to change their phase relationship so that the oscillations are
riot propagated downstream, or at least not at the original strength.
Such acoustic; dampers are in general use in many field.;, and it was
not the intent in this plutse of the study to advance the technological
state of these acoustic dampers. The intent 1vas simply to bring to
Hie reader's attention the availability of these dampers and to demon-
g trate briefly (analytically or experimentally their characteristics,
and thus their feasibility for use in pump system>>.
DAMPI- t CONCEPTS AND TIiCORLTTCAL CHARACTERISTICS
It has been shown that the ,study of wa- e trn;nsmission, particularly it
system analyses, is usually most conveniently performed in terms of
the electrical analog of the acoustic system. The acoustic resistance,
inductance, and compliance are, of course, represented by the electrical
resistance, inductance, and capacitance. Therefore, she acoustic
dampers eiiscussed here will, occasionally, be likewise presented in
this imal.ogous form,
110
Pb
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Quarter-Wave Tuba
A quarter-wave tube is nothing more than tt closed-end side branch of it
duct. Following the procedure of Kinsler and Prey (Ref. 18), consider
the case of a finite branch in can otherwise itifini to pipe, xi th the branch
located at x = 0 and plane waves approaching from the netrative x-direction.
P. -w—p^	 pt ---,1r
The wave upon reaching the junction will split into a reflected,	 trans-
mitted, and branch wave, so that if the incident wave is given lay:
P i = Al ei(W t _ kx)	 (150)
then, the reflected and transmitted waves are:
Pr = A  P,i(a t + kx)
	 (151)r
Pt = At e i(W t _ kx)	 (152 )
But, at the branch (x = 0 2 y = 0), continuity of pressure requires that
Pi + pr = Pt	Pb	 (153)
—^►
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Therefore, at the branch:
Pb 'e Ab 
e Zit
	 (134)
A,1 	Ar = At = Ab	 (155)
The acoustic velocity associated with each of these waves can be determined
using the acoustic impedance which is, by definition, the ratio of the
pressure to volumetric flowrate. The impedance of an infinite line is
(pc/s) where S is the line area. Therefore, letting; Q represent volumetric
flowrate:
Q• -'(156)a	 pc. S
P
Qt 
= pPt^	
(157)
Q= pc;rS	 (158)
bQl, 
_ ^b
	 (159)
where the negati.ve
 sign enters for Q  because of the change in sign of
the term (ilia) in p r, . This negative sign in Q  is obvious if it is remem-
bered that for it source-free medium at rest:
Q- -	 f -L) dt
x - ps	 ^x
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In Eq. 159, the impedance Z  has been introduced as the impedance of the
branch.
Continuity of volumetric flow requires that:
Q  + Q  a Qt + Qb 	(160)
Substituting Eq. 156 through 159 into Eq. 160, and simplifying, yields:
Z
0Pi -Pr=Pt+Zb'Pb
whe re
Z0 = Nc,/S
Using Eq. 153, this can be written as:
Z
Pi - (P.! - Pi ) =	 0Pt + Z
b Pt
or,
Pt	 z 
Pi z  2 + Z 
(161)
Equation 161 is an expression for the ratio of the amplitude of a trans-
mitted to incident pressure wave for a side branch of impedance Z1),
173
It should al.,o be pointed out that the quarter-wave tube seas very narrow
lnuidwidth I'i ltering characteristics. Therefore,	 it will successfully
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i
The quarter-wave tube is a uniform tube of length t, and is capped at the
end so Wiat for the quarter-wavo tube (Ref.18):
'fib cot k	 (162)S b
For all values of Ic t, stix-h that
k t, ^ (2n - 1) 1T/2	 (163
-tile impedance Lb is zero, and no pressure wave is transmitted past the
braiieh.
	
Solving Eq. 165 for t:
W 2n - 1) c	 x
--	
h	 f = (2n 
_
.	 1) 4	 (164
wh e re
wave length
vie.-Prore, far sill. frequencies which make the branch length an odd multiple
of the quarter wavelength, no pressure waves are transmitted downstream
«f' the brancll.
Ill
	 zero wave transmission would not generally o .;ur because of
(h.viatiolls l ' rolll the a ssump tions made to carry out the analysis. However,
ill :p imple systems, r(i'ectively zero transmission does occur as indicated
ill the literature  (Ref . 24).
l ',
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eliminate downstream oscillations for i requencies approximately equal, to
those defined in Eq. 164, but as soon as the frequency varies slightly
from these values, the wave is transmitted with very little attenuati(ai.
Thi ci, of course, results from the behavior of the cotangent function of
Bq. 162. Kinsler and Frey (Ref. 18) demotistrate this effect.
Lapacitorr
The simplest capacitor is a section of uniform duct of increased cross—
sectional area (Fig. 42). For low frequencies, the capacitor behave:
similarly to a shunt capacitance across an electrical linen In this
case:
I1^ = i1	 (16,)
where C is the capacitance given by:
C - V -- S I d.	 (166)pc t pct
where the area of the capacitor is S' and its length is
	
1";quation 166
is accurate as long as:
W a, 5 Tf
C	 2
Substituting Eq. 165 into rq. 161, and solving for the absolute value of
the ratio, yields:
Pt
	 1
pi = 1 
+ ^`t; (S
(167)
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For 0 S k t 5 71 2, Eq. 167 has a minimum at k t = 7r/2 of magnitude:
R =
	
1.0
1.0 + 0.62 (S'/'S)2
(168)
which depends upon the square of the area ratio. A few representative
values are:
1.5 2 3 4
R
is =
0.42 0.29 0.15
u
0.10
The capacitor does not, then, give zero wave transmission, but gives some
nonzero minimum. However, Eq. 167 indicates that some attenuation of the
waves by the capacitor occurs at all frequencies, the attenuation increas-
ing with the inverse of the frequency squared. Thus, the capacitor has
a rather broad filter bandwidth.
lVhen the frequency increases sc that k t > 7r/2, then the wave attentuation
decreases until k t, = 7r, at which value no attenuation occurs. This cycle
is then repeated with the same maximum and mi.limum points. The equations
for this case of lc t, > 7r/2 can be worked out as shown '-ly Kinsler and Frey
(Ref. 18), but this effort is not warranted here.
Helmholtz Resonator
A simple resonator consists of a compliant volume connected to the main
line by an inertance such as a small tube. A slightly more complicated
resonator is shown in Fig. 42. The impedance of the resonator is given
by:
Zb = i. (w L - 1,)W (169)
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where L and C are the analog of the inertance and compliance, respectively.
If the resonator is as sketched below:
V ) t.
2a --►4 ^v-- Of
then
C _ V
2
PC
L	 ^+ 1, a=p
?fa 
2
(170
(171
where
1.7a = correction factor for end effects
Substitution of Eq. 169 into Eq. 161 yields:
112
P	 (W L- 1 -^ 2 + Z 2 (W L- 1^2t	 WC	 o	 WC 4
P i
	
'Lo2/4 + (
W L - W
(172
178
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Note that the ratio is zero if w L = 00C or, using ]','q. 170 and r71, i r
W c
	
Ira`
+ 1.7a V'
This is, of course, the resonant frequency of the resonator.
The filter bandwidth of the resonator can be made large by increasing; the
resonator volume.	 If the volume is too small, the bandwidth will be so
narrow that effectively no attenuation will occur. Solution of Eq. 172
at other frequencies will give the filter bandwidth for the case of a
resonator on an infinite line. This should be adequate for indicatinh an
approximate volume.
For practical situations, the main line is never infinite. In such a
case, the line will have resonant fre q uencies at which standing waves
characterized by alternate pressure and velocity nodes occur. Mien stand-
ing waves exit, the location of either the quarter-wave tube, capacitor,
or resonator is critical with regard to attenuating the standing wave.
These dampers are driven by a velocity forcing function, i.e., they accept
the oscillating flow froth the main line, preventing its transmission dolrn-
stream. If the damper is located at a velocity node, the system will be-
have as if the damper is not there. Conversely, maximum damper action
occurs when the damper is located at a pressure node or velocity antinode.
Quincke Tube
The Quincke tube is a branch line that rejoins the main line at a point
where the length of the branch is 1.5 times the length of the main line
between the junctions (Fig. 42). The Quincke tube splits an incident wave
and then rejoins the waves with some relative phase shift. For a wavelength
179
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equal to the length of the main line between junctions, the two signals
would be exactly 180 degrees out of phase and would, thus, theoretically
cancel each other. The Quincke tube can be analyzed by mechanizing two
sets of time delay equations, one for each branch, and summing the outputs
as indicated below.
I'
Tome Lela	 p2
T= 1.5t,`c	 ::V
--	
2
^ 1
^
v	 p> dk,
o
V `	Time Delay
	 i
1	 T = t/c
	 ;3
Other Dampers
Other concepts which work on a different basis include tube bundles,
screens, and baffles in the path of flow. These elements primarily act
as an increase in resistance in the line, thus tending to dissipate the
acoustic motion. Usually, however, the amount of resistance available
is not sufficieat to attena.ate t,ie oscillations significantly.
laPIRIWNTAL PROGWI
Hardware, Instrumentation, and Procedure
A limited test program was performed using a straight uniform pipe with
an acoustic damper approximately at its center. The test hardware was
identical to that used in the wave transmission study except that the
180
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dampers were tested rather than the elements. The acoustic waves were
generated by the horn driver with the power oscillator.	 The dampers
tested are given below, and most are shown in Fig. 42.
1. Quarter-wave tube. Tests were made on a tee branch with the
branch line capped to represent a quarter-wave tube. The branch
line was It feet long.
2. Ciapacitor. A simple capacitor 11 inches long and with a diameter
of 3, 7' incites was tested. ,
 The main pipe diameter is 1,5 incites
.so that an area ratio of S'1S = 6.25 was obtained.
3.	 Helmholtz resonator. A manifold type of resonator was tested;
it consisted o f	three resonators around the periphery of the
main line, as shown in Fig. 42, However, contrary to Fig. 42,
there was only one set of resonators in the length direction.
The concept illustrated in Fig. 42 would be designed wAh increas-
ing resonant frequencies in the length direction to broaden the
filter bandwidth.
4. Quin.ke tube. A Quincke tube with a main duct length of 24.7
inches and branch length of 36.7 inches was tested. The branch
line made an angle of 60 degrees with the main line, then turned
60 degrees to be parallel to the main line for a portion of its
length.
5.	 Tube bundle.	 A tube bundle of 1.5 feet long and 1.5 inches ID
with thin-walled tubes of 1/4-inch OD was tested.
6. Baffles. Using two half-closed unsymmetrical orifices, a simple
baffle system was tested.
7. Screens. Two screens of 1.5 inches in diameter and with a mesh
size of 1/8 inch were tested.
181
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Data Analysis Techni(ues
The general method of data analysis techniques was also identical to that
previously discussed in the wave transmission chapter. The capacitor,
tube bundle, baffles, and screens V,rere analyzed using; the tee model with
zero shunt inertance (L I
 - 0). The shunt inertance is needed to completely
describe the Helmholtz resonator, although it was not actually used, as
will be discussed in the following section. The equations and schematic
diagrams presented in the previous chapter also apply here.
Test Results
Neither the quarter-wave tube nor the Quincke tube data were analyzed.
Neither of these elements requires analysis using the tee model, each
	
I)eing representable by the familiar time-delay equations.
	 Use is made
of the time-delay equations for a quarter-wave tube in Ref. 24,) There-
fore, the parameter optimization would yield only an optimum time delay,
and Lhe accuracy expected would be very good.
The capacitor data were analyzed to determine both a line inertance and
the capacitance. This line inertance will be rather consistent in all
the tests repora,ed Mere because, in each case, the transducers were not
located adjacent to the damper. That is, U:iere was a section of the uni-
form pipe before and after the damper and also between, in the case of
the two baffles and screens) included in the model. This is sketched
below. The two inertances in series with the line in the tee model are
primarily composed of this line inertance.
Pressure
	
Pressure
Transducer	 Transducer
____ __J____ 	 Damper
Element
r-
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Using the relations:
L . ^, C ^-V
A(-
( 1710
0
the predicted capacitor parameters would be L - 0.0395 (lb-sec'/ft 5 ) and
C •- 0. 271 ° 10-11 ft ) j lb. These values are bnsed on line lengths of 4.75
inches on either side of the capacitor. In the inertance calculation,
t1w effective inertance of one-half of the length of the capacitor was
added ) representing about 0 percent of the total value. Similarly, the
capacitance of the two line segments was added to that of the capacitor
to get, the total value. The experimental values obtained by optimization
of' the L-C parameters were: L = 0.0944 and C = 0.271 • 10 -11 in the same
uni t,s as givvi  aoove., Thus, the inertance predicted is 5 percent too low,
possibl y because of the rapid change in cross section of the capacitor
element, but the capacitance is identical. Both experimental values rep-
resent an average value since the data were consistently yielding identical
values with very little deviation.
TN, pical result:; from the capacitance optimization analysis are shown in
Fig.	 h 7. Note that the error signal contains very little of the funda-
mental forcing 1'uncti^► u frequency data. The full-scale amplitude of error
signal is also doini by a factor of 10.0 from the pressure and velocity
traces.	 'I'lie	 capacitance in units of voles is seen to be consistent.
(No amplitudes are shoin1 in the figure because the units are in volts.)
The minimum acid maximum values of f varied by approximately 7 percent
from the average value. However, the confidence level in the capacitance
is much higher than this because of the consistenc,- of the average value
of C over a large poation of the run.	 The minimum and maximum of the L
value: varied by approximately 5 percent from the average value.
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PARAME':ER OPTIMIZATION DATA ANALYSIS TECHNIQUE
SUM OF PRESSURES
P1 AND P2 BL70RE
AND AFTER
CAPACIT( ' IN
QOMPUTER UNITS CF
VOLTS.
DIFFERENCE OF
VELOCITIEJ V  AND
V2 IN COKPUTER
UNITS OF VOLTS.
EQUATION ERROR .
FULL SCALE
AMPLITUDE IS 0.10
TI`tES THAT OF THE
ABOVE TRACES.
'CAPACITANCE IN
COMPUTES UNITS OF
VOLTS.
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Figure 43. Typical Results for the Optimization of the Capacitance
of a Capacitor
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The resonator tested actually consisted of three resonators around the
periphery of the pipe, in which case the resonators are acting in parallel.
The parameter optimization scheme assumes a single resonator so that, the
equivalent of the three in parallel must be computed. Tnertances in paral-
lel add as reciprocals so that three equalequal parallel inertances have an
effective inertance of one third the individual value. Capacitance venues
add directly when in parallel so that the ► equivalent of the three is three
times that of the original. For the individual resonator the parameters
defined in Eq. 170 and 171 have the ►
 values (V = 46.8 cu in,, 1, = 0,214
inch, a = 0. 225 inch, o = 0,00234 lb-sec 2 /ft 4 , c = 112 5 ft/sec), Using
these►
 values, the predicted shunt inertance (L') and capaci vance for th( ►
resonator, a re L' - 0.035 (1b-sec 2/ft 5 ) and C = 0.179 10
-l' (f t 5/11)) o The
line inertance based on a length of 9.585 inch is L = 0.152, h.;'.i that
the line inertance is over four times the shunt inertance.
It was pointed out in the discussion of the special considerations for
the continuous parameter.- optimization technique that with a single fre-
quency forcing function, only one parameter could be determined, two
parameters yielding an indeterminate solution. Therefore, the shunt inert-
ance and capacitance ► could not both be determined except by either (1)
stepwise iterating one parameter and solving for the other, attempting to
compare relative ►
 error signals for each step change, or (2) duplicating
sections of the tape from two frequency ranges onto a single tape section,
yielding a two-frequency forcing function. The first alternative was
tried briefly, but difficulty was encountered primarily because the shunt
inertance is less than the line inertance. 	 Therefore, no shunt inertance
was determined experimentally.
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The line inertance and capacitance for the resonator, as determined from1
the test data, were: L = 0.152 and C - 0.169 • 10-r in the same units
as for the predicted value.	 The inertance agrees identically with that
predicted, but the experimental capacitance is low.	 Howev.?r, the experi-
mental capacitance is bared on zero shunt inertance, and the capacitance
increases as the shunt inertance increases. Therefore, the experimental
value is expected to be low.	 The variations in L and C for the resonator
were a maximum of approximately ±8 percent.
For the tuba bundle, baffles, and screens, the resistance value is of
inl,erest. However, with no flow other than the a.eoustic flow, the resist-
abe(" is very low so that the inertance of the line segments included in
the modal of the damper is very large compared to the resistance, and no
resistance can be determined. Also, for all three, no capacitance would
be expected beyond the capacitance of the uniform line, and this line
capacitance is small. The data verified the lack of significant capitance
for the system as a whole, indicating large errors and an inconsistent
optimum capacitance. Therefore, the capacitance analysis was discontinued
f or all three of these dampers.
The inertance optimization for each of these three dampers did yield good
results.	 The theoretical inertance was computed as follows. For the
screen, the openings of the screen were treated as orifices in parallel,
and an orifice affective inertance for the screen was computed assuming
a. circular orifice with identical area rat, !.os. The resulting effective
inertance was negligible compared to the line inertance for a. line 3.55
inches long. Therefore, the screen inertance is actually only a line
inertance. The predicted and experimental values were L = 0.0452 and
`f 5 ), respectively. The experimental value is 5 per-L = 0.0474 (lb-sec
,^ent larger, possible indicating a higher screen inertance than was com-
puted. However, the experimental inertance varied by ±13 percent, so
the average value could be slightly inaccurate.
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The bit f f le wits treated similarly, in that each baff le was itssullied t o have
the inertance as predicted by the circular orifice equatiors H1,Gtr all
orifice to line area ratio identical to that of the baffle. Thin orifice
inertance was again added to the line inertance to obtain the total. The
predicted and experimental values were L - 0.05113 and L - 0.031 11 (lb-see 2 f
respectively, indicating very good agreement. The orifice inertance was
actua l l ,y abr)ut 13 percent of the total predicted inertance, indicating
the use of the orifice equations to be sufficiently accurate for the pres-
ent cas e. F o r	 the baffi ,^s, the experimental inertance again tended to
vary by approximately 132) percent.
The tube bundle inertance was computed using the actual tube length ' ►ut
a,r area reduced by the amount of blockage due to the tuba wall;, The
tubas were 0.25 inch in diameter with 0.02-inch-thick walls. Therefore,
the total area is reduced to approximately 100 (0.25/0,29)`, or 711.11,
percent of its actual value. Substituting this reduced area and actual
ler:gth into the equation and adding the line inertance yielded a value
L - 0.224 (lb -sec )At .) . The experimeAa 1 value was L W 0.250, 11 ^ 5 per-
cent higher. Thus, the tube bundle appears to have a larger inertance than
would be expected. The variations in the experimental value were much
smaller for the tube bundle, about `5 percent.
CONCLUSIONS
Several acoustic dampers have been treated on a simple basis to indicate
how they derive their filter capabilities a.nd the expected filtering
characteristics. The quarter-wave tube and Quineke tube can be expected
to yield rather narrow filter bandwidths, but they have good filtering
capabilities at the dee 4 gn frequency. The capacitor has a broad bandwidth
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filter cha.ra.cteri y tic but requires a large change in volume to get signif-
icant damping. The resonator filter bandwidth can be expected to be some-
whrl t larger than the quarter-wave tube, depding upon the resonator
volume, but to obtain significantly wider bandwidths requires a large
volume, as for the capacitor.
Lxperimenta.l data indicated good agreement, as expected, with the predicted
capacitance of both the capacitor and the resonator.	 The resonato.-r inert-
ance, however, could not be determined without further processing of the
data. Other tests indicated that tube bundles, baffles, and sti eens
must have a large resistance term for effective filtering because the
inertance and capacitance for all were not significant.
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CAVITATION-INDUCID OSCILLATIONS
At the low propellant tank pressures needed to minimize vehicle weight.,
satisfactory rocket engine operation becomes very dependent upon achiev-
ing high suction performance of the propellant pumps in the form of high
suction specific speed,	 It is mandatory that these pumps operate sati.^-
factorily at low values of NPSH. The problem of developing pumps of high
suction specific speeds in the range of S s = 110,000 - 7)0,000 or better
has come close to its solution in the last decade of pump research and
development. Great progress ha.s been made in lowering the critical inlet
pressure at which the pump head breakdown occurs. However, in the process
of improving the pump suction performance, other problems have emerged,
connected with the instability
 of cavita.ting flow in the pump inducers
at low inlet pressures. The flow becomes increasingly unstable because
of the occurrence of partial or limited cavitation on the suction side
of the inducer vanes, either in the form of finite caviti"s at the leading
edges of the blades or as two-phase flow of a. bubbly mixture of vapor and
liquid in the inducer blade passages; possibly a, combination of both may
occur. These instabilities may give rise to pump flow oscillations which,,
under certain circumstances, seriously limit the operation of the rocket
vehicle so that the full benefits of the high suction performance potential
of the pump are not realized. Since the frequency and amplitude of these
oscillations depend upon the NPSH available, they are characterized as
cavitation-induced oscillations.
Because the pump must operate as part of a dynamic system, the unstable
character of the inducer flow tends to feet self-excited oscillations of
the system. In its simplest form, this system consists of the inlet duct,
the pump, the discharge duct, and the injector. The ducts represent the
inertia of the system, and the injector represents the flow resistance.
The pump represents the unsteady energy source which drives the system
to oscillate with its unstable behavior.
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The inertia of the inlet duct i:3 essential to the behavior of the system
because it directly affects the NPSH at• the inducer inlet, which is
critical for the suction performance.	 The inertia of the discharge duct
may be assumed to be less important for cavitation induced oscillations
because it primarily affects the pump discharge pressure which is much
less critical for suction p rformance. A pressure pulse on the discharge
side of the pump will cause a change in flow, depending upon the H-Q
characteristic of th- pump; this, in turn, will cause a, change in the
inducer NPSH due to the inlet duct inertia, as well as a change of inci-
dence angle of the inducer flow. It may be assumed though that, normally.
the characteristics of the system are such that this fluctuation in the
NPSH is much reduced relative to the fluctuation of the discharge pressure
which caused it.
The present effort has been concentrated on describing the mechanism of
oscillations related to the formation of finite cavities at the blade
leading edges as the principal mode of cavitation, thus neglecting the
possible effect of a second mode of cavitation involving two-pha.sa
 flow
as well as the effect of tip vortexes. In this case, one may pr-)ceed to
describe the unsteady or oscillating flow phenomena in the inducer in
terms of the continuity condition applied to the inducer inlet and dis-
charge flow, giving the cavity size as a. function of the excess of dis-
charge over inlet flow on the one hand, and in terms of the free strea,m-
line theory for a cavita.ting potential flow on the other hand. The free
st-a-ea.mline theory describes the cavity shape, from which follows cavity
size, in terms of the inlet conditions along, i.e., inlet flow and pres-
sure. A similar approach is described by Sack Ref. 25) who, however,
makes no attempt at applying the results of free streamline theory to
calculation of the cavity volume.
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INDUCER, CAVITY VOLUME
Reduction to a Two-Dimensional Cascade
The continuity condition expresses the cavity volume as:
Vc = j (W2 - W 1 ) dt	 (17 5)
where W2 and W
I 
are, respectively, discharge flowrate and inlet flowrate.
The free streamline theory furnishes the expression:
Sc = f yc dxc
for the cavity area, where (x c , yc ) are the coordinates of the cavity bound-
ary (Fig. h 1!) which depends on inlet conditions only. The above expression
for the cavity area, is correct only for an infinitely thin blade. For
an actual blade, the correct expression for the net cavity area, S  is
given by:
S 	 = J (yc - ;gym ) dxc	 (176)
where y  is the ordinate of metal thickness of the blade,	 i.e.,
 the
ordinate of the pressure side of the blade.	 The cavity volume for the
inducer as predicted by the free streamline theory is given by the integral
r.T
Vc	 -	 NB	 Sn drJ
r
H
taken over the radial extent of the blade from hub (r 11 ) to tip (rl,),
where NB is the number of blades of the inducer.
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The free streamline shape is conveniently expressed in terms of a cascade
with unit spacing. Thus, the cavity area is given by:
1(72
NB
Area = Area	
2
for a cascade of spacing; 21Tr/NB, where Area l
 is the cavity area for unit
spacing. The cavity volame of the inducer is then given by the integral:
r
T
V 
	 NB J
r 
2
_S
nl NB dr (178)
r 
r S	 dr3
3NBr n 
H
4ff2 S (r 3 -r. 33 NB n 1 T
	 H) (179)
where Snl is some mean value of Snl , the net cavity area for unit spacing,
in the interval of integration.
The main difficulty of the adoptdd approach lies in the evaluation of the
free streamline theory to obtain the cavity area. as a. function of cavita-
tion number and angle of incidence of the inducer flow, and to express
this area by a suitable relationship (curve fit) for use on the analog
computer.
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A computer program has been written to accomplish these two objectives
for any ;riven inducer blade; this involves the numerical evaluation of
some gather complicated complex variable relationships for the cavity shape.
Calculation Of The Cavity Boundary
`l'lle rav ita.ting flow in the inducer is assumed to be described by the free
streamline wake theory derived in a previous Fneketdyne report and pub-
sislied as :an ASME paper by L. B. Stripling and A. J. Acosta (Ref. 26) .
,In this paper, the free streamline potential flow is derived by conformally
mapping the physical plane, the z*plane, into the hodograph plane, the
C plane,, The physical coordinates of the flow are given by Eq. 7 of
Itef. 20 which rep. °esents the mapping function for the transformation from
thc, )11 plane to the z* plane as follows:
c* = e -ly tn(c - w  e -.i(! ) + e iY tn( c - w1 c' ► r,;) +
	
`'	 2
w lr' e i (Y + 2a) ^n (^ _ we 
a
-i0J +
w	 wl
C
	
`'	 2
w 1` e_ i (Y + 2M) to	 w. a i0t -
	
w r	 1
c
	
w	
w 2	 w 2
? wl cos (y + a) tn(c - wo ) + -(3 tn (^ _ we )
.'	 w 	 2c
+ const
(180)
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For reasons of simplicity, t.,e velocity ratio: v  '. w V/we and v)	 w ' ) , ^1^ c
are introduced. This is equivalent to choo^ ,;. fl 'inits so that ^^•c - l and
replacing w with v. Then, in the hodograph plane,	 1 on thcw semi-
circle. Since the free streamline of the flow maps onto the sc►mieirety
of the hodograph, the free streamline i. ,; obtained point by point by le-t-Aing
olescribe the semicircle, starting at	 -1 which by definition eorrvs-
Ponds to z* - o.
To evaluate Eq. 180 successfully, the branch cuts of the hodograph, cut-
ting out the singulaxities, must be carefully chosen so that the logarith-
mic terms are single valued and continuous while C describes the semi-
circle boundary of the hodogra,ph, i.e., C = eA , —1T e 8 e 7T. The compl.ex
logarithmic subroutine of FORTRAN 1V, denoted CLOG, is defined with a
branch cut along the negative x-axis. Therefore, the branch cuts in the
hodograph plane must be chosen so that (1) z* = o when C = -1, and (2)
the argument of the logarithmic terms never crosses the negative , x-axis
(abscissa axis.
Considering the location of the singularities in the hodograph plalle
(Fig.	 45), conditions No. 1 and No. 2 are satisfied by letting:
^1CLN 1 - CLOG 1 +	 + i7T
1
C LN2 = CLOG 1+	 a i 1T
2
C - C
CLN5	CLOG ,
	
5^ 
+ i'Tr
\ 
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and
C
C - C 3^CLN3 * CLOG
3
CLN	 C LOr, - - - -
CLN6 - CLOG ^ 1C-Z6^^
G
It is readily apparent that when C approaches -1 on the semicircle (i.e.,
when 8 -fl), then every CLN value approaches zero. Furthermore, the
chosen relationships between CLN and CLOG result in the branch cuts sho-*11
in Fig. 43 which, obviously, are never crossed by the point C moving; on
the semicircle, excluding the initial point, C » -1.
Now, introducing the values of the singularities indicated in F ig.  h) and
the logarithmic terms into Fq a 7 of Ref. 26, the equation of the free
streamline in complex form is obtained:
z* -- a-iy CLN1 + e ly CIN2 +
v 1 2 le i (y + 201	
3
) 
CLN + e- i. (y + 2*Y) CLN r -^
v	 ^^
2 l cos (y + U) CLNS	 6]+ vo` CINv
2
081)
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The equation is in a form which may readily be programmed for the digital
computer, using the corn -)1ex capabilities of FORTRAN IV. Tie angle
Y - 12 - R, and (0 f y) - 1Tl2 - (a - a) ; (R - a) = Arc tg 0, where
0 = flow coefficient, a = angle of incidence, and R = blade angle
To calculate /. 4( from Eq. 181, the velocity ratios v l 	w l/wc and v2 	w2/wc
must be known. Assuming that the cavitation number K is given:
--1
v1 .-	 K )
This may be introduced into Eq. 6 of Ref. 26 to determine v 2 .
 
Equation 6
of lief. 26 is in terms of w1 and w2:
w	 w	 w	 wc +
	 -	 c + 1 cos a	 c 1 .y in O! tan (y + a) (182)
w2 we	
w 
	 we	 w1 w
e (
From which rol lows :
V,	 v 4 ) l - ( v 1 1 + v a ) Cos Ot + (v l l - Y sin pt tan (y + ^)
V
v l 1 (cos (X + sin a tan (y + a))+  v 1 (cos	 - sin a tan (y + a ))
-1	 Cob	 Cos (Y + 2a) 
= 2F (F 0 )	 )v l cos y + a 
_^ 
v l cos y + «)	 J	
( la3
Than:
r^
v - 2F v
,.)	 1 - 0
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which has the solution:
v2 = F
Here, F ? 1 is a necessary condition, 	 But since by definition,	 v, ) 	 -; 1?
it follows that only the minus sign applies. Therefore:
	
1,^_	 1
	
v2 = F - ^F - 1
	
F + (F2 - 1) 1 2	
(lt^l^)
where F is a function of cx, Y, and K, given by:
F = (^+ X cos Y + ^_ cos (y + 20t))/(2 cos (y + oc)
q1 + K
(1.85)
From this follows:
v2 ti 1 +KR = — -
v1 F + ^F^ - 
(180)
where R is the ratio -etween discharge velocity and inlet velocity.
The procedure for the ;alcula.tion of the free streamline shape is now
as follows:
1. Assume blade angle R
2. Assume angle of incidence ty
 in interval (0 < x < R)
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3. Calculate the minimum cavitation number:
2 sin & sin
Kmin
	 1 + cos
4. Now, determine a series of cavitation number values
Kl , K` ,..,, K
i
,.Oo I Kn , where K  = Kmax,
covering the range of flow conditions to be investigated. Here
K1 Kmin and Kmax is the largest cavitation number to be con—
siderecl, It is pTM:Letica,l to put K1 = Kmin G + 0, where E is
a small number, of the magnitude of 1 percent, to avoid singula.r-
itivs in the computations. Furthermore, let:
K	 — K •
K._ Kmin ! man — 1min (J — 1 )^ (2 S J 5- n)
5. Compute the free streamline for each value of K point by point,
letting 9 vary in steps through the interval —'R < 8 5 0 using
Eq. 1H;1.
6.	 Ca-leulate the net cavity area between the free streamline and
the blade surface 'raking the blade thickness into consideration,
7. Itepeat- calculations for a, series of 4-values to obtain a. map of
net ca.vi ty area vs Qt and K.
The above procedure is incorporated into a. FORTRAN IV program for the
digital. Computer.
The relationship between inlet cavitation number and incidence angle and
the cavity ;shape and net area based on the free streamline wake theory
was studied by means of this program. Some interesting and informative
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results concerning the cavity behavior have been obtained from these
studies. It appears that the cavity length is much more sensitive to
variations in inlet pressure than is the cavity height. Also, for a
cascade, i.e., an inducer, of a, given wedge-shaped blade with given wedge
angle and wedge 1 Angth, the net cavity area varies rather slowly with
changes in inlet pressure and angle, especially as long as the inlet
angle is equal to or greater than the wedge angle.
Computer Output For A Specific Case
In the following a sample of the computer output is presented. The case
investigated applies to a. ca-sca.de with a, blade angle 8 = 10 degrees and
unit spacing, i.e., cavity height and length are given in terms of the
spacing. Also,	 the calculated values of net cavity area are for unit
spacing. The blade thickness is defined to be given by a wedge angle
&W = 3 degrees and a. wedge length t,w = w cos 8 also referred to unit
spacing, where the parameter w = 1.00 in this case.
The free streamline and the net cavity area, are mapped for a range of
four (X - values, Q! = 2, 4 1 6, and 8 degrees, and a range of eight K-values
given by K
1	 min
= 1.01 K
	
a,	
max
nd K
	 = 15 K 
min	
The free streamline shape
is presented as CRT plots in Fig. 46 through 49. The corresponding
parameter values and cs.vity areas are presented on a separate page with
a. list of parameters preceding Tables .1 through 4.
The cavity areas are also plotted in Fig. 50 and 51, showing the varia-
tion of cavity area with the cavitation parameter T, both for the inl'i_-
nitely thin blade and for the assumed blade thickness of a 3-degree wedge.
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CAVI'T'Y LENGT$/3PACING
Figure 46. Computer Plot of Cavity Height vs Length
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i
Figure 47. Computer Plot of Cavity Height vs length
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Figure 48. Computer Plot of Cavity Height vs Length
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Figure 49. Computer Plot of Cavity Height vs Lengtr
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LIST OF PARAMETER VALUES
TABLE N0, BETA ALPHA PHI
Kmin Hmax
1 10 2 0.1405 0600489 0.0348
2 10 h 0.1051 0.00735 o,o695
3 10 6 o.o699 0.00735 o,104i
I t 10 8 0.0349 0.00489 0.1388
T.  F?T,El
 1
K^ CAVITATION CAVITATION CAVITY NET CAVITY
in ;O . PARAMETER AREA A FMA
1. of o. oo1., 914 0.02479 0.02294 00000009
3.00 0.014(8 0.03472 0.01377 0.000110
K, oo 0.02, U
 7 0. 04471 0.01148 0.000267
7.00 0,03426 0,05469 0.00971 0.000569
9600 0. 04405 0.06467 0.00826 0.000803
11.000 o. oWl.t 0007465 0.00708 0.001029
1?100 0.1-163 o.o8463 0.00610 0.001201
15".00 O.O7 31a 0.09462 0.00529 0.001331
TP BI,F 2
1001 0.007 2_ o.ol855 0.04331' 0.011633
3 9 00 0902204 0.03333 0.02955 0.010074
5. 00 0.03674 0, 04819 0.02593 0.010243
7.00 0. o5143 0.06305 0022;'8 0.010129
9 0 00 0.06613 0.07790 O.02QL2 0.009817
11.0Uo 0.08082 0. 09276 00011,19 0.009385
13.00 O.o9552 ()1.10762 0.01621,E 0.008887
1L>,00 0.1.1021 0.12247 0. 1454 0.008363
TA i3LE
1101 0,00742 0 .01235 0.06090 0.031212
3,00 0.02204 0,02-7o4 0.04726 0,025982
5, 00 0.03671 0.011.1.81 0.04366 0,0252L6
7,00 0,05143 0,05 57 0,04051 06024426
9 6 00 o.o6613 0.0711)-1 0.03767 0,02 ,1502
11.00 0.08 082 0. oMll x.031, 0.022508
13,00 0.09552 o.lOO87 0.0?952 0.021479
15.00 0,11021 o.115oh 0003022 0.020442
TABU., 4
1101 0.001 X94 o. oo617 0,07510 0. 047518
;, rin o. ol468 o,ol592 o,o6647 o.o43231
5,00 0.0241 7 Oo02572 0.06454 o,o4293 14
7.00 0.03426 0,03552 o, ,6275 O.0 ►_t25137
Q.ors o,o44o^' o.o4532 0.06095 o.o42oo5
11.00 0905384 o.o5512 0005914 0,041362
13.00 0.06303 o. o6492 0.05732 ofo4o63b
1.00 0.0731i1 0.07472 0.05552 0.039341
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CAVITATION PARAMETER — T
Figure 50. Net Cavity Area vs Cavitation Parameter
Zero Blade Thickness)
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BL"E LiLE'T tlEDGE, a w = 3° , xw = 1.00
CAVITATION PARA ETER - 7
Figure 51. Net
 Cavite Area vs Cavitation Par ar-acter
(Blade Inlet Wedge)
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CIMMCTFRISTICS OF A PARTICULAR INDUCFR
Inducer Geometry
The free streamline cavity theory of Ref. 26 applies only to so-called
suction side faired inducers. The Mark 4 LOX inducer satisf ie s this
assumption of the theory, and dynamic test datr exist for this induces
in the water tunne:. facility . This inducer has a tip diameter of 4.010
inches and a hub diameter of 1.u00 inch. It is a three-bladed, flat-plate
helical inducer with tip blade angle 6 - 9.8 degrees. The blade thick-
ness at the tip is given by the wedge angle ot w - 2.60 degrees and wedge
length ^w	1.25 inches. At the discharge rms diameter D - 3.73 inches,
which is only slightly larger than the inlet rms diameter, the blades
dimensions are given by blade angle d - 13.3 degrees, wedge angle
01w 
= 3.3n degrees, and wedge length -tw - 2.00 inches.
At the tip diameter, the blade spacing is:
ft-4. 910/3  - 5.14 inches
and the wedge length foi unit spacing
	
A	 =
w	
1.25/5.14 = 0 .243
At the rms diameter, 3.75 inches, the blade spacing is:
ff • 3.750/3 = 3.93 inches
and the wedge length
i
X 	 = 2.00/3.93 = 0.509 inch
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Cavity Volume Results
The free streamline shape and the net cavity area, were calculated for
both tip and rms conditions and are shown on subsequent figures. Figures
52 and 53 show results for the blade tip a.nd Fig. 54 and 55 for the rms
diameter. Tho free streamline and the net cavity area are mapped for a
range of 9 a-values from Ac = 0.1 8 to 0.9 B and a range of 16 K-values
from 1.01 Kmin to 16 K min . The cavity area is shown both for an infi-
nitely thin blade and for the actual blade thicknesses.
The net cavity areas for both tip diameter a.nd rms diameter were curve
fit by a least squares method as a function of & and T in a, region centered
on the design point, as indicated in the figures. The curve fit is ex-
pressed in the f orm:
	
S 
	 = (a l + a.2 T+ a.3 T2 +a 4 T3)+0c(a.5+a6T+a7T2+a.8T3)+
0
ot2(a
9
+a 10 T+-a. 11 T`+a, 12 T) =f (01 , T )	 (187)
where, & and T are local values of angle of incidence and cavitation
parameter at th q radius in question
The cavity volume of the inducor has been previously shown to be given
by:
r
^T 2	 _
	
I
2 	 4 '^(r3 - r3)
V 	 NB 
	
Sn r dr = 3 ' NB T	 H n
H
r
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Figure 52. Net
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Zero Blade Thickness)
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Based on data at the tip and rms radii, it may be shown that as a first
approximation S  is independent of radius, when the variation of & and T
with radius is considered. The function g(«, T) may be expressed in the
form:
g	 T) = z z a, «1 TJij
i	 j
(188)
where aij , a t and T are functions of radius r. The following relationships
are introduced:
T	 TT rT ` r2 	(189)
Arc tangy	 (1()0)
C	 c
= m = m	 (191)
U W 
r tan	 = r  ta.n PT = c onst .	 (192)
Therefore, rewriting Eq. 190 and 192:
!X _ 1.0 - Arc tan
^3 = Arctan ( const. )
r
which, for small values of 0 and g, become approximately:
(193)
const.
= r
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Using Eq. 191 and the second of Eq. 193:
c
	W r on s t,)	 ^ T
Therefore, substituting into the first of Eq. 193 yields
oe	
^ r
= 1.0 -	
( 0)
	 '194)
T	 `T
Accordingly, the operating point for any section of the inducer blade can
be described by the parameters TT and (Y/A ti («/A)T
By substituting the above relationships into Eq. 188 and rearranging:
2
a 	 j - a	 T J -T	 IT
^ i ^^,^ )i
(rT2 T1J 	 1,i r	 Z	 r
(195)
I-T
 
i + 2j
ai j r	 PT1	 ( /0) 1 TT
Then:
g* T) '=	 ! , A i j ^^i^) 1 TTY = G (d^^^ TT Y I' T/r )	 (196)
i j
where,
• r i
T 
+ 2j 
1	 1A 
	
U 
	
^T	 (97 )
is the radius-dependent factor of the summand, since it has just been
shown that for any operating point, (alp) is approximately the same for
all sections of the blade.
1)16
wl
cm l 	 P g S1
(1 e)S
1P
c
ml
U (I ()()
i
It =4MC:WWWZPW T= • A DIVISION OF NORTH AMERICAN AVIATION INC
Figure 56 shows the curve fit ofthe cavity net area S n ^ G (O" , TT P rT,
for the tip and rms diameters. From this plot, it is apparent that in
the first approximation, S  may be considered a function of a, ' 'S and TT
only, because the variation with r is only slight in the vicinity of the
design point of the inducer, which is around a/0 6 0.) and 7T v 0.00.
This simplifies greatly the Palculation of the y inducer cavity volume
because Sn may be represented for simplicity by:
9  = (Sn)T
Dynamic ',quations For Cavitat ing Inducer
The fundamental dynamic equations describing a cavitating inducer may be
summarized as follows, assuming consistent dimensions:
Axial Inlet Velocity
Flow Coefficient
Incidence Angle
a = P — Arc tan p	 (200)
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TIP: /3 = 9.8°, G6w = 2960,
RMS: /3 =13.3°, Mw = 3930,
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Figure 50. Compari::on of Tile and MIS Net Cavity Area vs Cavitation Parameter
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Cavitation Parameter
T	 U2/2'	 (200
m
NPSH = = + 1	 (202)
	
P g	 2g
Cavity Volume
4,r2
	
( 3 	 3)-
Vc - 3 NB rT - rH Sn	 (20 3 )
2 3
S -	 - g(0^, T) - %^
	
a	 (204)1 + i + 4j) «.7S	 T1n	 n2	 (
j=o i=o
Continuity
w2 = wl + p g Vc
	
(209))
Blade Speed
U = 2 if N r 	 (206)
Inducer Pressure Rise
0 P = P2 - Pl = P g U2 0	 (207)
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where
w l , w2	 weight flow entering and leaving, respectively, the inducer
V
c	
cavity volume
P	 mass density
ry	 - angle of incidence, degrees
T	 cavitation parameter
cm	 axial velocity
p	 pressure
IJ	 - blade speed
S	 blade angle, degrees
0
	
flow coefficient
r	 , radius, T--,tip, IF-hub
NB	 M blade number
5n	 = net cavity area for unit blade spacing (dimensionless)
= head coefficient
S 
	 = inducer area at inlet
To model the Mark It LOX inducer, the head coefficient 0 must be expressed
as a function of cp a.md T. Also, the dimensionless cavity a.reta must be
expressed in terms of 4' and T, all referred to tip conditions. The head
coefficient for this inducer may be expressed as:
Noneavltating
T z 0,08
, (208)
_	
1	
b o +- b i 0 +- bo cp`
V
?O
is^aC^[s:TOYl^18
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A curve fit analysis of inducer data Rives
b	 - 0.192
0
b l . -0.043
b2 '-11 .767
Cavitating
T s 0.08
(209)
0 
_ 01 02
where
02 = b3 + b4 T + b 5 T2 + b6 T3 j. b7 74
	
(210)
is a, curve fit with the coefficients
b3	 -2.467
b4 =	 2.326 x 102
b5 - -6.172 x 103
b6 =	 7.213 x 104
b7	-3.069 x 105
The function 02 reflects the average shape for various flows of the head
vs NPSH performance curve in the ca.vitating region.
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The curve fit parameters aiJ for the net cavity area are for the tip:
I
0.016311815a 1
a ` 0.72074184
a3
8.8380643
a1,
	
-.
-35.205368
a - 0.00357984195
a6 0.1501+ 3938
a7	 = - 2.5871363
a8	 = 10.843868
a9 0.00037043231
a. 10 = - 0.010730067
a. 11	 = 0.20050339
a12 = - 0.87619115
Since the f l ow coeff icient 0 is much less than one, arc tan cD 1/3 cp3
such that
ce _ 0 - 180 _ 1 ^3 
3	 Iff
(211
Cotnl)i.ning	 these	 r y la tionships and introducing the proper coefficients, the
dynamic equations for a cavitatinh Mark 4 LOX inducer are obtained:
cp =
P 
g 1 U
	 (212)
1
cp - ^ 0	 180	 (213
T	 -	 l	 r)v	 + 1p	 214.
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V	 4=-- (r3 - r 3 ) S
C	 3 NB T	 H n
(2 1 5)
S 
	
a (a l + a2 'r a3 72 + a4 73) +
a(a 5 +a.6 T+a? T2 +a 8 T3 ) +
U2 (a9 + a10 T + a. 11 T2 + a12 T3)
	
(216)
(`'17)w2 	 wi + PgVc
P2 - P 1	 p U2 bo + b, (p + b2 02 02
where 
^2 
is given by Eq. 210.
The equations are given in terms of:
Variables
(218)
d., T l P V  s Sn q P I P P2 p 
d)
2' W1' w2
Constants
r = 0.936010-4 lb-sec 2/in.4
U = 1930 in./sec
r 
	 = 2.455 inches
k
F 223
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r  0.500 inches
S 1 1	 .19 sq	 in.
0 9,	 degrees
p 
v
0.507 psi
NB =	 3
g =	 386 in. /sec 2
N =	 125 rps
Substituting the value of the constants in the equations:
= 9.8 - 0.0452 w l + 93.79 . 10-10 w3	 (219)
T	 0.005748 p l + 0.4323 . 10-10 *2 - 0.002914	 (220)
v  
= 64.356 
s 
	
(221)
s  = (0.01631 - 0.7207 T + 8.838 T 2 - 35.21 T 3 ) +
00-00358 + 0.1504 T - 2.587 T2 + 10.84 T3 ) +
0p (0.0003704 - 0.01073 T + 0.2005 T ` - 0.8762 T3 )	 (222)
w2 = wl + 0.03611 Vc	 (223)
P2
 
- p l	 (66.81 - 0.0118 wl - 0.002549 
w2)  
o2	 (224)
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*2	 =	 1.0 if. T > 0.08 (227)) 
02 = (-2.467 + 2.326 . 102
 T - 6.172 . 103 T2 .+
7.213,10 4 7 3 - 3.069 . 10 5 T4 ) if T s 0.08	 (.?26 )
The foregoing seven equations describe the Dark 4 LOX inducer cavitation
dynamic model. They may be used to mechanize the inducer cavitation
behavior nn the a.na,log computer. This dynamic model of the inducer
relates the inlet variables p l and wl
 and discharge variables p2 and b
WATER TUNNEL TEST FACILITY
A set of seven equations has been derived for the dynamic model of a.
cavitating inducer, but the seven equations are a function of nine unknowns,
obviously requiring two input variables. Dynamic pressures are known just
upstream and downstream of the inducer (i.e., p l
 and p2 ), but using these
as input data. yields no output data which can be compared to evaluate the
theory. To permit comparison of the theory with test data would, then,
require both dynamic pressure and flow data at the inlet and discharge
of the inducer. Or, because flow data are not availa,141e, the inducer test
facility must be modeled dynamically to establish two more relationships
for the pressure and flow at the inducer extremities. Since the purpose
of the test facility model is to verify the concepts and results established
concerning the cavity volume, the model must be as accurate as possible.
A schematic diagram of the water tunnel is shown in Fig. 57
.
 Since in-
terest is only in low-frequency oscillations (f 5 50 cps), complexitivs
such a.s elbows, diffuser sections, etc., will, in general, not affect
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the transmission of waves and can be ignored. However, since these
oscillations occur at low values of NP';11, cavitation in the system at
points other than at the inducer becomes more probable. To determine the
effects of the inducer cavity volume, any other cavity volume in the sys-
tem must be accounted for in the system model. In the water tunnel system,
cavitation is believed to occur at some of the mitered elbows and possibly
elsewhere in the system. To account for this, dynamic pressure data would
have to be obtained at intermediate points throughout the system, as shown
in Fig. 57. All existing dynamic data. have been obtained with pressure
transducers at locations P-1 and P-2 only. Cost estimates were obtained
for installing the other transducers noted in the figure and for running a
short test program even though these items were not included in the oi-ig-
ina.l proposal. However, the costs were larger than could be diverted to
this effort during the current program. Thus, the system was modeled
under the assumption of no cavitation other than at the inducer. The
results obtained from the analog computer study should at least indicate
the desirability of pursuing this approach, in which case, this te.4 t pro-
gram would be required.
The water tunnel geometry shown diagrammatically in Fig. 57 was determined
in detail by accurate measurements of all pertinent lengths, diameters,
and wall thicknesses to obtain a complete determination of its acoustic
characteristics.
The dynamic model of the water tunnel is obtained by dividing the ducting
into a. number of finite elements, consistent with junctions, area changes,
and valves contained in the system (Fig.58). Each element is represented
by a, finite inertance and capacitance, the resistance being neglected.
The fluid dynamics of each element are then defined by equations of the
f orm:
Li wi + bi-1 (wi - wi-l) + bi (wi wi+l) + It  wi = U
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where:
Li the i th lumped parameter fluid i.nertanee,	 sec	 In.
b i the ith lumped parameter f luid sprint; constant,	 in.
Ri the i th lumped parameter damping; cooff;'icient, see,"/in.`
w. =	 transient weight flowrate associated with	 1, ,,	 lbsrc
1 1
In case the i th element be a. terminal element, then the terminal pi,essut,e
is used a,s input, according to the form:
Pi
 - b  (wi
 - w  + 1^
The system description comprises a, set of I equations of this form, whel-e
I is the number of elements considered. These equations are used to obtain
the boundary f lowrates as output with the terminal pressures as input.
The equations are compiled in matri-i form and solved using finite difference
techniques by a, digital computer program (Ref. 27) giving results ill ter-ms
of system eigenvalues and eigenvectors.
These eigenvalues and eigenvectors represent, respectively, the water
tunnel modes (= W. where W. is the 1 t resonant frequency of the tunrie i
and the flow coefficients (^ J
	
This general procedure is ref er, r-cad to
as a. modal analysis discussed more completely in Ref. 21.
One characteristic of t. a modal analysis is that only the eigenvalues and
eigenvectors need be considered when the eigenva lue is in the f r-egijerrcy
range of interest. In the current application, interest is only in fre-
quencies below 50 cps. Therefore, only those modes in this range need he
considered. Solution of the equations for the water 'tunnel. system i-esu l ted
229
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1	 11
in six modes below 30 cps, but three of these were zero modes, i.c., they
were less than 0.1 cps. The other three modes were at frequencies of
6.73, 11-7, and 103-0 cps.
To establish the sensitivity of the eigenvalues and eigenvectors, certain
variations in the assumed characteristics of the water tunnel were made,
and a similar modal analysisr performed. The conditions simulated, includ-
ing the above ideal system, ware: (1) ideal system; no air bubbles or
cavitation, (()) surge tank disconnected, (3) air bubbles in the run tank,
(h) air , bubbles in the bypass loop sump, (5) elbow cavitation at two
locations (elements No. 3 and No. 5e of Fig. 58).
The surge tank was disconnected because of the unknown ga.s capacity of the
Lard(.	 The air bubbles are not actually expected in the run tank because
of multiple vents in the top of the tank to release air. The amount of
air in
	 the pump sump is unknown.	 The elbows at element No.	 3 and No. 5e
of Fig.	 3 8 were assumed to cavitate so that 1 percent of the element
volume was assumed to be gas resulting in an increased element capacitance.
`1'heref ore, the variations denoted above as No. 2, No. 4, and No. 5 represent
real possibilities, but the occurrence of No, 3 is doubtful.
Perl'orming the►
 modal analysis resulted in the values given in the follow-
ing tahle. The zero modes are not shown because they are of no interest.
The var , iahle conditions are seen to have a large effect on both the modal
1' requerrc i es and the eigenvectors . The changes in frequency are changes
ore lN, in magnitude, but the ei ;envectors change both in magnitude and
di rect,ion. This effectively results in uncertai.nity of the water tunnel
model if' any of these variable conditions do actually exist. Since these
conditions are unknown, the ideal system model was adopted for continuing
this phase of the sttidy.
V
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System Simulation Modal Frequency Comparison, Cps
1 2 3
1.	 Ideal System 6.732 15.7
h 3__.r_^_^
2.	 Surge Tank 5.319 15. 62 37.7
Disconnected
(Large Inertia)
3.	 Air Bubbles In 3.295 6.97 1 1.7
Tank
4.	 Air Bubbles In 1.72 8.3 45.0
Parallel Bypass
Loop
5.	 Air Bubbles a.	 6.56 9.6 173-7
(Cavitation) b.	 6.51 11.0 17.7
At Elbow
Simulation Water Tunnel Inlet And Exit Flow Eigenvectors
1 2 3
1. Flow In 4.228 4.283 - 1.93605
Flow Out 2.417 -0.4391 10.01
2 . flow In - 11.9 959 -4.36 - 3.9200-11
Flow (Nit 5.97 -0.836 -	 ().8
3. Flow In -	 1..06 -4.11 4.27
Flow Out -10.5 0.715 0.01")
4. Flow In - 5.497 -0.697 - 0.1923
Flow Out 1.267 2.105 9. 99
5a.. Flow In 4.083 -1.18 4.26
Flow Out - 4.56 -9.57 - 0.223
5b. Flow In - 6.3 10.34 - 2.89
Flow Out 2.34 0.696 0.263
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Using the eigenvalues and eigenvectors, a pe.rturbated analog modal of the
water tunnel c un be formulated using equations of the form:
r
V. 
^II 
+ 2 µ V. 
^II 
i. u . V.11	^1^ 1	 0 I	
-0
. N.1
.1	 13	 J 13	 i	 M ^V	 i
where
21A - fla.mping factor
j	 7, mode
i	 lumped parametert  element
i th eigenvector of the jitb mode
The ana log
 model clu lculates perturbated inlet and discharge f lowrates
using terminal pressure sine wave inputs to drive the model.
INDUCER - WATER TUNNEL CLOSED-LOOT' SYSTEM
Th( ►
 water tunnel analog model provides the two required relationships
between th(^ dynamic pressure and f low at the inducer inlet and discharge.
Ity modeling the inducer equations on the a.na .log computer, a. closed-loop
system is formed which permits study of the oscillations a.ssocia.ted with
the cavity volume of the inducer. However, although both the inducer
analog model and wator tunnel a-nalog model appeared to be stable and
Yie lded cot-r-ect results in certain individual check tests, the closed-
loop system was unstable. It is expected that these instabilities could
be eliminated in further ^4tudies such that the dynamic inducer cavitation
behavior could be determined and compared with data.
()32
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STALL OSCILLATIONS
The shape of the head-capacity performance curve of a pump operating; at
flows below the design flow coefficient is related to the manner in which
stall occurs in the flow passages of the pump. Previous experience with
air cou<aressors has confirmed two types of stall, progressive and abrupt,
each characterized by stall zones which rotate in the pump at speeds of
approximately one-half the shaft speed, and which generate pressure and
flow oscillations in the pump discharge system. Progressive stall is in-
dicated by a smooth continuous loss in pump head at reduced values of flow
coefficient (i.e., the slope in the performance curve changes from nega-
tive to positive). During; this progressive stall, several rotating; stall
zones may be present. The abrupt stall is characterized by a sharp dis-
continuous drop in head at the stall point accompanied by a, single rotatirig;
stall zone. Although the stall zones create local unsteady velocities,
the flowrate through the pump averaged over the pump annular area remains
constant. This indicates that the flow through the -installed passages may
be operating at a flow coefficient above the pump stall point.
Stall conditions can lead to a third phenomena known as surge. Surging
is characterized by oscillations in the net flow through the pump and,
therefore, is quite distinct from the -otating stall. The surge oscil--
liations are strongly dependent on the entire .flow system, while the stall
is dependent primarily on just the pump or compressor characteristics.
TEST FACILITY JLND PROCEDURES
Mark 26 Pump Tests
The test configuration for the Mark 26 stall oscillation study was the
sage as that used in the wave reinforcement tests (refer to Fig. 37 in
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the section on wave reinforcement); thus, no further description of
the facility is required. However, the test procedure did vary slightly
from that previously reported. The test procedure used for taking the
stall data consisted of setting the pump flow at the desired level for
some constant speed, waiting for a short period to allow removal of pos-
sible transients in the steady-state data, and recording of dynamic and
steady-state da1i.. The steady-state data consisted of flow nozzle pres-
sures and pump inlet and discharge pressures and temperatures allowing
calculation of the head-flow performance characteristics.
Mark 10 LOX and Fuel Pump Tests
The test facility for the Mark 10 LOX and fuel pump stall oscillation
test series is the same as that used on the acoustic wave generation
tests (refer to Fig. 1 in wa-^,e generation section). In these tests,
Kistler pressure transducers z.nd hot-wire anemometer probes were used.
The transducer and hot-wire I.i k-o c!o s were mounted in the LOX and fuel volutes
as shown in Fig. 2 for the wave generation test series. A six-vane LOX
impeller and two fuel impeller design configurations were tested. The
fr:el impellers were a six-vane,and a six-full-vane/ 6-splitter-vane im-
peller referred to as the six-plus-six fuel impeller. The flow range
tested varied from 120 percent of nominal flow coefficient down to zero
flow in 10-percent increments.
TEST RESULTS AND :DISCUSSION
Mark 26 Pump
The Mark 26 air rig head-f low perf orma.nce da.ta are shown in Fig. 59 f or a,
speed of 7000 rpm, and is in good agreement with test data taker at CTL-5,
cell iII, in LH, at a test speed of 22,068 rpm. The air rig curve indicates
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Figure 59. MLark 26 Fue l Pump Iiea.d vs Flow
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clearly the stall hysteresis loop. It has been found that the hysteresis
loop has a tendency to vary in shape with speed variation; however, suf-
ficient data were not obtained to determine this speed characteristic.
Several data points were taken at 6500 rpm to indicate their agreement
with the head-flow performance curve, but all stall oscillation data were
taken at a pump speed of 7000 rpm.
The stall oscillation data showed good ugreement at all transducer stations
in the pump discharge duct. The raw unfiltered data of the discharge
pressures indicated that in the stall region the stall oscillations had
larger amplitudes than any other oscillations. Nevertheless, for ease in
reading the data, they were band pass filtered from 1 to 100 cps. The
filtered data are presented in Fig.60 and 61 as occurring at various
points along the head flow curve. The V r. t data strip ((p = 0.07125) was
taken at the point of maximum head just prior to the stall point, and in-
dicates no consistent stall oscillations. The next three strips were
taken at successively lower flow coefficients, and do indicate strong
stall oscillations. The stall frequency generally is about one half of
the shaft speed which, in this case, would result in a frequency of
8 cps. The observed frequency was 56 cps.
The second of these two figures presents data, at consecutively increasing
t'lowrates, forming the lower portion of the hysteresis loop, then proceed-
ing along the head—flow performance curve. As the pump moves out of stall,
the oscillation amplitudes decrease, the frequencies tend to shift, and
the data become somewhat random.
A summary curve of the oscillation data is presented in Fig. 62. The
hysteresis loop was determined from more steady—state data than actually
are indicated on the curve. The summary curve presents as a function of
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flow the stall frequency and the amplitude variation expressed in the
game units as the head coefficient. The hysteresis loop for the oscilla-
tion amplitude variation curve was defined similarly to that of the head
coefficient curve.
It is interesting to note that oscillations at frequencies of approximately
one-half shaft speed occurred for this pump at all flow coefficients. This
could be an indication that a stator is stalled throughout the flow range
test , da It clearly is evident, however, that the oscillation amplitudes
increase at the point of stall inception and resultant pump head loss.
Mar l- 10 LOX and Fuel Pump
The Mark 10 LOX pump head-flow performance data taken in the air rig
facility are presented in Fig. 63. The curve indicates no region of
positive slope in the performance curve, even at essentially zero flow.
Based on this shape of the head-flow performance curve, no region of pump
stall would be expected. The dynamic data verified this expectation, in-
dicating that no st.$).11 oscillations were evident in this pump.
The two fuel impellerQ, a six-vane and a six-plus-six-vane impeller,
exhibit much similarity in the shape of the head-flow performance curve
(Fig.	 64). The maximum head is attained at 7600 gpm in both cases, with
both curves having a positive slope at lower flows. This continuous drop
in head with lower flows indicates a progressive stall region, but the
dynamic data indicate no oscillation frequencies characteristic of a stall
frequency.
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A close examination of the head-capacity curve and the losses experienced
by a centrifugal pump possibly can explain the shape of the fuel impeller
curves presented, apart from stall. As the flow through an impeller de-
creases, the head rise and impeller vane loading increase. The inct-eased
loading also causes an increase in impeller backflow which, in turn, de-
duces the pump head rise by causing a prewhirl condition in the impelled
inlet. For some impellers, this effect becomes sufficiently :strong to
cause an increase in the losses of the pump; an increase that is larger
than the increased head capability of the pump due to the decreased flow.
Therefore, a condition of positive slope of the head--capacity curve caa.rr
ex 4.st without flow separation and the resultant stall oscillations.
CONCLUSIONS
In conclusion, typical a,tc.i1 oscillations of large amplitude were observed
in the Mark 26 axial pump, indicating abrupt stall conditions.	 However,
tests in Mark 10 centrifugal pumps evidenced no stall oscillations,
although the performance curve for the fuel pumps did indicate a possible
progressive stall.
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APPENDIX A
A METHOD OF SOLUTION FOR THE POTENTLIL FLOW IN TIQ?
BLADE-TO-BLADE PLANE OF A CENTRI.FtJGAL PUMP
A method is described herein for solving the potential flow field in the
blade-to-blade plane of a centrifugal impeller. The method ossumv.4 a
two-dimensional flow dependent upon the assumed two-dimensional :flow in
the meridional plane. The solution technique is best classified as it
simple stream filament solution.
The analysis is started on an impeller with the geometry and operating;
conditions completely defined. Stream surface locations in the meridionli l
plane then are assumed which define a number of stream t!ibes, I t ?, 3, 4,
as illustrated.
a
/ t1n
FLOW
---C>
^l
i
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For a given flow, this defines the meridional velocity distribution, cm,
in each stream tube for the assumed axisymmetric flow. With the assumed
cm distribution and known blade geometry along a particular stream sur-
face (A-o,for example), the blade-to-blade analysis can proceed. The
stream surface is a surface of revolution, and the blade-to-blade flow is
assumed to be two--dimensional and confined to this surface.
The major steps in the derivation of the equations of motion follow.
Neglecting friction and body forces, Newton's second law states
= p V P
	 ( 227)
c
Vavra (Ref . 28 ) shows that the acceleration of the fluid is
2
a = orel + 26-3 xW — CO	 (228)
where 
ar,el is given by the substantial derivative of the relative velocity
W. That is,
_ dW K
a rel	 dt = ^t + (W• V)W	 (^^9)
which for a steady flow becomes
arel	 (W ^)W	 (230)
Entering these expressions and using an identity
2
v (2 + P-) + 2w xW - w 2r - wx(v xw) = o
	 (231)
CI
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The total head H at any roint in the fluid can be expressed as
	
2 2	 2
H	 C 
+ P— s C I1 + C m +
	
4 f)g	 2g	 pg	 (232)
or
Uc
H	 Hi + u
	
B	 (233)
where Hi is the total inlet head with axial flow.
Equating these expressions
2
gHi =	 - 
u 
+
	 (234)2	 2 
	 P
2
	
Substituting into Eq. 231 for 2 + 	 yields
2
p(gHi + 2 ) + 2W xW — to r — Wx(Q xR) = 0
	 (235)
2
01Ce 2II= 	 W r, the result is
gQHi + 20 xW—Wx(p xW) = 0
	 (236)
Replacing the curl of the relative velocity with the cu:cl of the Rbso3ute
velocity,using the relation
C = W + U
	 (237)
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gives
Qxc = V xW + 2W	 (238)
such that
gVHi — 7x (7 xc) = 0
	
(239)
But Hi is a constant if the total head is constant at a given cross
section in the inlet making
vx. = 0
and
wx(p xc) = 0	 (240)
Under these assumptions, this is the equation of motion in the impeller,
Equation 240 requires that p xc be zero everywhere or that W and p xc
be parallel. The component of vorticity Q xc perpendicular to the sur-
face of revolution must equal zero for Eq. 240 to hold. That is, the
absolute two—dimensional flow is irrota.tiona.l. If n is the unit vector
perpendicular to the stream surface, by Eq. 238 is obtained
(V xe) - n' = 0 = (Q xW) - ii + 2W -ii
q
xW) • - = 2W sin 6	 (241)
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where b is the angle between the axis of rotation and the stream surface.
The form of Eq. 241 suggests evaluation by Stokes theorem, which is appli-
cable over a surface area. A differential surface area. on a cone, which
iF tangent to the stream surface at the location of the small area., is
chosen. With respect to the blade-to-blade flow, the equilibrium motion
of the fluid will be assumed to be influenced by the curvature of the
streamline on the unwrapped cone, as opposed to the true curvature in
three-dimensional space. To put Eq. 241 in final form for evaluation,
^(QxW) • d = 2W sins dS	 (242)
where 0; = nd S. Applying Stokes theorem and evaluating the resulting
line integral, the final result is obtained;
Tn + R = 2W sin6
	 (243)
This equation is in reality a partial differential equation with the
radius of curvature R a function of n as well as m. However, it will be
treated as an ordinary differential equation and used to solve for the
velocity distribution along normals to the flow on the blade-to-blade
surface.
Equation 243, along with the continuity equation, is used herein to de--
termine velocities in the channel formed by the vane surfaces and ex-
tended stream surfaces. To use this method, a, number of streamline
locations are first assumed. Normals to these streamlines then are de-
termined at stations from the vane leading edge to the trailing edge. A
radius of curvature can be determined at any point. Then Eq. 243 can be
249
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integrated numerically along any desired normal to determine the velocity
distribution. Boundary conditions are determined from continuity. Once
the velocity distribution is found along the nirmals, corrected stream-
lines then can be drawn to permit corrected measurement of the radius of
curvature. The equation can be reintegrated, and the process repeated
until convergence of streamlines is obtained.
This procedure of seeking convergence is in general quite cumbersome a,.-,d
time consuming. Therefore, a more sophisticated but approximate technique
was developed using Stokes theorem along with the Stodola slip factor, as
explained in the following paragraphs.
Given the flow and impeller geometry, the relative velocity at the dis-
charge can be determined from any of the common slip correlations. Spec-
ifically, the correlation gives the mass-averaged tangential component of
relative velocity, which was used with the mass-averaged meridional com-
ponent from continuity to determine the average W at the exit radius.
The velocity Ws on the suction side at the exit is assumed to equal this
average velocity W. The shape of the normal at the exit then is assumed.
From Eq. 243, continuity, and Ws , the "average" radius of curvature, I1,
of the flow along the normal can be determined. The velocity distribution
along the normal also results, from which new streamlines can be con-
structed. These new streamlines permit construction of successive normals
in the direction of the inlet; each normal and the system of streamlines
being adjusted continuously to satisfy Eq. 243 along each new normal. The
process then can be repeated, measuring the radius of curvature instead
of assuming it. This continues until converged streamlines are obtained,
defining equal-flow streamtubes. In this way, the exit slip is essentially
propagated upstream.
250
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Two refinements must be applied to this procedure to obtain better results.
It became apparent that the radius of curvature is much smaller than the
blade radii of curvature in certain portions of the passage. The blade
radii of curvature are valid near the pressure surface, and the smaller
values predominate in the center of the passage. As an empirical pro-
cedure with four streamtubes, the blade radii of curvature were used for
the pressure-side streamtube and the other streamtubes were assigned the
average value. This distribution ,yielded a more realistic velocity
distribution.
The other refinement is concerned with the location of the normal a-b,
as in Fig.6 5. The above mentioned velocity distribution is not sensitive
to the location of point b, but the velocity distribution along b-c, as
determined be!6%, is. This requires that a new and valid normal be
determined for each new streamline assumption.
The methods described above are used in the channel region of the impeller.
Attention now is directed to the determination of the velocity distribu-
tion in the region abc of Fig. 65. Equations 241 and 242 apply, and Stokes
theArem again is used to evaluate the left side integral in Eq. 242.
Evaluating the line integral results in
J Wude - J W ds
P
a- 4c	 c--+b
= 2WJ'
 sin 8dS (244)
where
r = pitch distance
s _ distance along blade
S = area of abc
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Now, J Wude = WuE,where Wu was obtained from the slip correlation.
Assuming an average value of 8 over the triangle, the above equation
becomes
W lf - f W d S n 2W sin 8 S
P (245)
In the normal design procedure,the blade Pngle 
Pb is known as a function
of the distance'm along the meridional plane streamline. For most im-
pellers, '8b is a tractable parameter that justifies using a mean $b.
Therefore since sin= dm
'	 Pb	 ds
m	 _
M+
WuF sin
	
Wpd(m) = 2W sin 8 S
b	 o
(246)
To evaluate WP) observe that W  at point b was found in the channel flow
calculation. W  at point c was found from the slip correlation, and
Eq. 240 defines the values of the integral J W d (m) . Since the end
P o
points are known as well as the line integral of the velocity distribu-
tion, all that is needed is the shape of the Wp vs mo curve. Since it is
unknown, the problem is circumvented by assuming it 'to be of a, represent-
ative shape as found in theoretical and experimental data (Ref. 3 and
29 through 31).
W  = W  + B1 (x-xb ) + B2(x-xb)2
In this equation, x = mo , where mo is the total length of the distance m
for the complete blade to make x dimensionless. Also, F  is the value of
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W at point b,and xb - mb/mo , where mb is the value of m at point bw One
	boundary condition is W
	
Wp	 e when x 
m 1. The other is that jx sindx
is known.
	
b	 Pb
Omitting the algebra to determine the coefficients B 1 and B2 , the result
is obtained
Wp (x) = W  
+(Wc WL
 (x - xb)
b
+	 6	 3 [0.5(W + W^)( 1 - xb ) -	 (x - xb)(x - 1)
(1 - xb)
where
	
B - sin	 (W E - 2 W sin 6 S)1	 w	 u0
The results are fairly sensitive to the area. S, End it was evaluated from
2
S - rTsin60A---e-sin20 sin ^L,B
	2 s in27	 s i.n
where
r 
	 - tip radius
A19 = angular spacing of blades - 21f/Zi
6	 = half apex angle of cone
B	 = bla.de angle on cone referenced to the tangential direction
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A procedure analogous to that used for the discharge region of the blades
was used for the similar triangular area at the inlet. Only one signif-
icant difference exists and that involves the assumption for the velocity
shape. W was assumed to vary linearly with m/mo instead of the parabolic
distribution used previously.
In the foregoing procedures,a method has been presented for calculating
blade surface velocities for an impeller with a finite number of blades
on a particular sf ,eam surface. This method was used to calculate the
blade surface velocities for a radial impeller. This impeller had 12 log-
spiral blades with 0b = 30 degrees and hub-tip ratio of 0.6. The solution
was obtained for a tip flow coef f icicnt of 0.25 (Fig. 65) . The velocities
calculated are plotted in Fig. 66. Kamimoto's (Ref. 32) exact results are
also plotted along with the results obtained using the Stanitz correlation,
which assumes a linear relative velocity distribution in the blade-to-blade
plane. The superior agreement between the exact solution cnd the described
method is apparent.
The foregoing procedure outlines a method of calculating the blade surface
velocities fjr finitely spaced blades on a particular stream surface. To
use this information in the meridional flow solution, the effective fluid
angle distribution must be found for an equivalent, infinitely bladed im-
peller that would produce the same head with m as for the mass-averaged
head in the actual impeller. This method of determining 
OF then would
replace the formerly used method based on Stanitz correlation. It is im-
portant to consider the implications and consequent definition of such
an effective fluid angle, OF.
i
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Consider flow in do impeller assumed to exist on an axisymmetrie stream
surface. If there is no prewhirl, the total head at any point along a
streamline is
Uc
H	 11 i	 g
where
	
Hi = total inlet head.
The average blade-to-blade head at a certain radius on the stream surface
is desired. In this case, a mass Average of the total .heads existing at
each point along the constant radius in the blade-to-blade direction is
to be determined.
as
J He de
mass averaged H	 ®--°1—
C de
p	 W
where" -- T is the angular spacing of the blades.
ai
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So
(' 08 Uc
J	 u c dA
o	 B m
^i	
0 ®	 + H i
cmd
0
A
if H i is axisymmetric. This defines the mass-averaged head H, which is
based on the mass-averaged Uc"u , where
^. 08
Uc	
Jo Ucucmdo
u
	 ja  9
o	 m
and
Zr' - 1 (' 0 9 c de
J	 m0
The blade angle of an infinitely bladed impeller must be found from
	
T_	 Z*^
	
m	 m
	
tan OF = W = Uu	 - cu
at each location on the stream surface. This merely states that the ef-
fective fluid angle would correspond to the Wass-averaged c u in the actual
finite-bladed impeller. The results of this procedure in the example
described above are presented in Fig. 67.
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Although the solution is seen to be quite good for the radial-bladed im-
peller, the extension to the general case of a mixed-flow impeller meets
with some difficulties. Also, the method presents a relatively rapid
solution for manual computation where graphical techniques can be employed,
but the geometry problems to be encountered in programming the method for
computer solution would be extensive.
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APPENDIX B
UNSTEADY BLADE LOADING IN A ROTOR-STATOR COMBINATION
DUE TO THE VISCOUS WAKE EFFECT
The wake effect considers the unsteady forces on downstream stator blades
passing through the vis° ous wakes of an upstream system of rotor blades.
These viscous wakes are composed of the low-energy (relative to the blade),
boundary--layer fluid from the surfaces of the rotor blades. The wakes
represent a region of velocity defect with respect to the blades that shed
them, but to the downstream blade row they represent jets of fluid. These
wakes, in general, contain velocity components both parallel and perpen-
dicular to the downstream blades. Only the perpendicular component is of
interest in the following calculations of blade loading effects.
Since this downstream blade row is passing through these viscous wakes, the
wakes appear as a periodic unsteady flow. To determine the effects of this
unsteady flow field on the blades, the theory of single thin airfoils in
nonuniform motion is applied. The basic assumptions upon which the theory
is built are:
1. The fluid is inviscid and incompressible.
2. Each blade row can be represented by an infinite, two-dimensional
cascade of airfoils.
3. The airfoils are thin, slightly cambered, and have small turning
angles.
4. The flow about the airfoil can be represented at any instant by
a vortex sheet superimposed upon a mean flow.
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^. All unsteady velocity components are small compared to the mean
velocity, and their effects can be superimposed linearly on the
"stationary" or other unsteady effects.
6. The velocity at the trailing pdge of the airfoil is zero.
Assumption 1 regarding the inviscid character of the fluid does not prevent
the analysis of the effects of the viscous wakes described above. The wake
characteristi(,^j must be determined using viscous flow theory. However, once
the wake is described, its effect on the downstream blades can be determined
from potential theory.
Due to assumption 6, each airfoil creates a circulation about itself. How-
ever, any change in the circulation about the airfoil is accompanied by the
shedding of vorticity so that the total circulation in the system is always
;zero. This vorticity shed by the blade moves with the fluid (in contrast
with the airfoil, which moves relative to the fluid). Therefore, an un-
steady flow field creates an unsteady circulation about the airfoil, ac-
companied by a wake of vorticity trailing the airfoil. The pressure or
velocity induced on the airfoil by this unsteady flow is calculated under
these assumptions by computing the quasi-steady effects of the incoming
flow field plus the integrated effects of the vorticity wake trailing the
airfoil.
Von Karman and Sears (Ref. 33) review these fundamental concepts and as-
sociated equations of the circulation theory of airfoils. They then pro-
ceed to derive the equations f ,ir the lift and moment on the airfoil due
to an unsteady flow. The equations they derive and the approach they
follow are the basis for computing the unsteady blade loading due to both
the wake effect (Ref. 13) and the circulation effect (Ref. 11) as con-
sidered by Keml, and Sears. However, in none of these papers is the actual
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blade unsteady pressure and velocity distribution derived, all emphasis
being placed on the lift and moment. Meyer (Ref. 1 1i), using the same
approach, does compute the unsteady pressure (and velocity) distribution
for the case of a sinusoidal viscous wake profile, and he shows that this
pressure integrated over the blade length agrees with the lift of Kemp and
Sears. This result of Meyer is sufficient for computing the pressures due
to any other viscous wake profile, since the profile can be represented by
a Fourier sine series and each term considered separately then lineraly
superimposed. However, there is a simpler approach presented by Lefcort
(Ref. 12) which was used here.
After Meyer derived the pressure distribution for the sinusoidal viscous
wake profile, he proceeded to derive the pressure distribution for an arbi-
trary wake profile of infinitely thin width, i.e., the wake width to blade
chord ratio is extremely small. In such a case, the pressure gradient is
given by Meyer as
b _ + 2PVQ	 T t	 (()47)ax	
a2	 (l+x')(1-x'2)1 2
where	 (see Fig. 68)
p	 = p(x, t) = pressure
x	 = distance along the blade chord from the centerline of
the chord
P	 = fluid density
V	 = mean (steady) fluid velocity parallel to blade
a	 = blade chord
X1	 = 2x/a = dimensionless distance
b	 = wake half-width
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w(^)
	
	 the viscous wake velocity component perpendicular to
the blade
t	 = time
t i	 = 2Vt/a = dimensionless time
and where
Q =	 b w(g) d C	 (248)
-b
and
T(t') = 1 I'	 S(w) e iW t' d W	 (249)
where S(W) is the Sears' function. This Sears' function is defined as
S(W) = {iW [K o (iW) + K 1 (iW)]I-1
	
(250)
where Ko
 and K1 are modified Besse], functions of the second kind. The
upper and lower signs of Eq. 247 refer to the suction and pressure side,
respectively.
Lefcort, setting x' = cos 8, integrated Eq. 247 to yield the pressure,
p(6, t') - + pV ET(t') tan
	
( 51)
where Q is given by Q^a. Lefcort then assumes that any velocity	 c,rcai'ile
of a viscous wake can be divided into a finite number of increments so
';hat each increment has a small width. These increments then van be
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z ^^) dw	 d
q (253)
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treated separately using Eq. 251, and the results superimposed. ©r, as
shown by Lefcort, the superposition can be defined by a single integral
equation so that
PW / t0 ' )	 PV V ( t0 ' ) tan
	 (252)
r
where
aN
1 ( t o y )—	 k2 (toy
t'
k2 (t')	
J	
T(t') dt'
-1
S I = 2 t/a
(254)
(255)
and t 0 1 is the dimensionless distance obtained by dividing the distance
between the viscous wake centerlivaij, and the blade chord centerline by one-
half the chord length. (These steps and definitions are not elaborated on
Here since they are presented in detail and with clarity in the referenced
papers.) If the viscous wake velocity profile, wQ) , is known, Eq. 252
and 253 can be solved to dletermine the unsteady pressure distribution.
A digital computer program wao written to numerically solve Eq. 252 and 253.
The function, k2' is a complex function of modified Bessel functions so
that it is most easily represented on the computer by dividing the function
over a number of ranges and curve fitting each range by a polynomial. A
set of nine second-order polynomials %as found to match adequately the
1 fl
266
Ir
nt0CMWTn WMW •	 A DIVISION OF NORTH AMERICAN AV I ATION. INC
tabulated values of k2W
 ) as given by Lef cort . The coefficients for these
polynomials are given below:
If Al s t s A21
then k2(t)	 B1 + ,B2t + B3t2.
r
A l A2 B1
B2 B3
-	 40 - 1.0 0.0 0.0 0.0
- 1.0 - 0.99 -729.82 -1476.1 -746.28
- 0.99 - 0.95 - 21.596 -	 47.558 - 25.912
- 0 95 - 0.80 -	 0.83015 -	 3.8978 -	 2.9586
- 0.80 1.00 0.83291 0.40229 -	 o.14674
1.00 5.00 0.91748 0.20643 -	 0.01632
5.00 20.00 1.2692 0.0(47 -	 0.001734
20.00 50.00 1.732 0.00861 -	 0.000084
0.00 1000.0 1.950 0.90005 0.0
Solution of Eq. 253 also requires the first spatial derivative of the wake
velocity. To permit analysis of arbl..trary wake profiles, the velocity
derivative dw(j)/d C is assumed to be expressible by four functions, each
defined over a given quadrant of the total wake width. No restrictions
are placed on the four functions except that each is a function of only
one independent variable, t. Therefore, any wake profile whose quadrants
can be independently curve fit can be handled by the computer program. All
profiles of practical interest will be of finite width (e.g., 2b in Meyer's
notation) so that the integral in Eq. 253 will assume finite limits of in-
tegration (e.g., from -b to b, again using Meyer's notation). The general
approach followed in the program is then:
1. Choose a position of the wake relative to the blade (i.e., choose
a value of tot)
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2. Numerically integrate Eq. 253 to determine C t0 1 ), using
Simpson's rule.
3. Using Eq. 252 and the relationship x' = cos 8, compute the
pressure at distributed points along the blade due to this
wake position.
4. Increment t0 1 to get a new wake position and repeat steps 1
through 4.
Due to the behavior of k 2 , it is easily seen that the wake does not affect
the blade until the leading edge of the wake re i ;hes the leading edge of
the blade. This determines the initial value of t o y . Initially small
changes in t o y should result in rapid pressure changes so that the incre-
mental changes in t o y should be small. In the program, the initial incre-
ments w(^re one-tenth of the dimensionless wake width. After the wake
trailing edge was past the leading edge of the blade, the increments were
increased to one wake width.
The computer program follows the figures, the language being FORTRAN IV,
along with a sample output. For ease in following the computer program,
the program variables are given below.
COMPUTER 13tOMAM VARIABLES
1. Permanent input (referring to the polynomial curve fit for k2(t)).
AC(I) = B 1 , BC(I) = B2, CC (1) = B3 , CD(I) = A2
where I = 1, 2,	 „	 9
TT11(I ) = tan 0/2  for x1 = cose = -0.8, -0.6, ..., 0.0, 0.3, 0.6
PI = 9f
1
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2. Temporary input
BP = W; b' = 2b/a ; VEL = V; WQV = w(o) /'V;  11110 " p
DWDE1
	
' if -b s ' s -b/2
DWDE2
	
if -U/2 s	 s 0.0d w	 w o	
=	 DWDE3
	
if 0 s	 b/2
D 	 ^' if b/2 s ^' s b
An input card with the proper functional representation is required for
all four derivatives.
3. Program variables
TP = t0 '	 WH(K) = !^(K)/w(o)
DELT P = Q t 
o	
GAMMA = t O ' + t'
EPS = ^'	 EK2 = k2(t')
DELEP = At'	 P(j) = p(x', to'^
Some sample results obtained from the program are shown in Fig. 69 through
71. In Fig. 69, the computer program results are compared with Lefcort's
theoretical results. The wake profile and other pertinent parameters are
given by Lef tort. The pressure shown is at Lefcort's transducer location
1, and his theoretical curve was read from his Fig. 14 (a) . The agi-vement
is good considering the inaccuracies in reading Lefcort's curve from the
figure. The comparison of the experimental with the theoretical is given
also by Lefcort, and indicates the theoretical results to be sufficiently
accurate for present applications.
In Fig. 70, the effect of the wake width is illustrated by comparing the
loading for identical wake velocity profiles with variable wake half-width
to blade chord length ratios. As the relative wake width decreases, the.
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pressure amplitude is reduced, and the effect of the wake is concentrated
on a much smaller extent of the blade. For the three cases shown in Fig.
70, the peak pressure appears to be approximately proportional to the
square root of the dimensionless wake width.
In Fig. 71, the effect of the wake profile is si` own by comparing a triangular
wake with the more classic wake profile given av w(t) = COS2 (7tt/2b). Each
wake has the same maximum amplitude which has been normalized to a va gue of
1.0, and each has the same integrated velocity defect. The results are sim-
ilar, the differences being less than the differences encountered in the com-
parison of experimental and theoretical results.
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APPENDIX C
MACIIINE-SCALED EQUATIONS AND ANALOG COMPUTER CIRCUIT
SCHEMATICS FOR DATA ANALYSIS TECHNIQUES
Included here very briefly are the machine -scaled equations derived from
Eq. 121 through 126, and the analog computer circuit schematics used in
the analysis of data with the TEE model. No further discussion is included
on the equations or the schematics, it being assumed that those who are
interested are in a position to follow the work.
Operating on Eq. 121 and 122, with s/(s + 100) and 82/(s + 100 ) ` , respec-
tively, and amplitude scaling results in the machine equations:
e 1
 	
LKR [KV1+KV2 [^LL] ±V1+KV2 s	 500P2-500P,1
1	 s+loo [KR K] (s+100)	 [KLK] (s+100)	 500pS ( s+100)
Gel	 [KV 1 + KV2
uR - dR -	 8+100
be1^ I
KV1 + KV2 s
UL , a	 s + 100
e2s2 	[KLO [^yl_KV2] s2 2 rKL ,L^ [^V_KV^1^ s2
2 (s + 100) 2 [KLK] (s + 100) 2	 XiK] (s + 100)2
2 KV1-KV2  [KC/C	 [50OP1+5	 [KRR] [KV1-KV2] s
[KCKJ
 (s + 100)	 500pS ( s + 100) 2 	 [KtK ](s + 100)`
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de^^	 2 KVl - KV2
u1/C	 a 1 C s ( s+ 100)2
0	 be2^ 2 KVl + KV2 82
U L, = -WE a	 2(e + 100
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Figure h. Analog Computer
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[ KeR1U 'R
B rokavi ko v e
1	 . 1 not cowpu !d.
150^ p^  - Soo P,1 ..	 TIME SCALE FACTOR 10:1
.2597 I
1
Circuit Equation in real time with R loop omitted:
e = 10-3 [IKLL] 1Kvl + kY^ s	 + 25.87 [500 P - 50).P
(e + 100)
	 (s + 100)
System Equation:
s^=	 + 2] s	 + 25.87	 P500 P2 - 500 ^EKLL] [Kvl 
C
KLK] s + 100	 a + 100
Hence KLK = 103
 and K =	 C (500) _ .7575
JKL	
103
.7575
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[K Vs— K Vs]
Circuit Equation in. real time (R = 0):
1
-
L/K 1"i-KV2
e
	 + 2 • 102 `KC 0 JCV1 - KV2
(s + 100)2 	(s + 100)2
- . 25  - [500P1 + 500PL s
( q + 100)2
System Equation with L' omitted:
e ^ = LKLLJ ^ 1 - "V2] e	 + 21.V1 - J KC Zr'2 CKLK](9 + 100)2 	[KCK](8 + 100)2
2 8 500Pl + 50OP21 s
(s + 100)2
Hence ._ = 102
	KC	 1
KCK
.7575 x 102
Figure ?5. Analog Compute29Shunt C Optimization Circuit
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I
C,.' L '1
Circuit Equation in real time (R = 0):
1
e L/K [KVJ - KV2] s2 	+ 2 1 2 CK _^ ^Kv, 
^2
_
	
(s + 100)2
	(s + 100)2
25.87 [500P 1 + 500P21 + 2 . 103 [K.L I L][YVl - KV I e
	
(s + 100) 2
	(s + 100)2
System Equation:
	
e = LKLLI Ek'Vl 	 1 s2	 + 2 1'K C C FFl - ^2 1
2 [KLK] s + 100)2--
	
00	
_.___^_ s + 100)2
- 25, 87 [500PI  + 50OP2 1
 + 2 KI: L,J LY-V1 — KV2] s2
	
a+100 2 	Lq Kj(8 +1002
HenceKC
	1	 and K^	 103
.7575 z 102
	.7575
Figure 16. i4nolog Computer Shunt L, C Optimization Circuit
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APPENDIX D
STATEMENT OF WORK AND NOMENCLATURE
SCOPE
Analytically investigate the mechanism of pump oscillation. This study
shall include mechaninal and hydrodynamic considerations, and the coupling
mechanism of the oscillations in the pump. If possible, mathematical model
far analysis and. prediction of pump pressure instabilities shall be de-
veloped. Scaling factors will be considered.
Solutions villl be sought to eliminate present pump oscillation problems.
Promising concepts for elimination of oscillations, such as dampers and
improved hydrodynamic design impellers and diffusers, will be investigated.
Concepts for reducing pump amplification of vehicle and engine-generated
fluid oscillations will be pursued.
Designs and concepts which appear particularly promising will be inves-
tigated experimentally. Experiments will be designed to verify analytical.
studies. All experimental studies will be designed for maximization of
derived data and minimization of experiment cost.
NOMENCLATURE
The principal symbols used in the report are listed and defined below.
Many of the symbols listed appear in the text with various subscripts or,
in a few exceptional cases, with a meaning not included in the list.
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Certain of the subscripted symbols are included in the list when eeemed
convenient for the reader. Certain other symbols were used, but are not
listed because of their limited use. As usual, primary reliance must be
made on the definition of symbols given in the text where they appear.
a	 - radius of sphere, pipe, or orifice
blade chord length
adjustable parameter (in-data analysis techniques)
4
Cm I cu
C
d, D
Di' Dv
DxJ
e
E1
f
F
F
i
g
- various constants, sometimes complex
- wake half-width
- ith lumped parameter fluid spring constant
- acoustic velocity
absolute velocity of fluid in impeller
- axial and tangential velocity, respectively
- capacitance or compliance
- diameter
- impeller outer and mean volute diameter, respectively
- viscous stress tensor, Eq. 2
- exponentiation
eigenvalue or error (with subscripts)
- modulus of Elasticity
- frequency
- complex potential
pressure force
- time rate of introduction of momentum
- acceleration of gravity
fLuictional representation
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G -	 series defining the inertance of a plane discontinuity
h -	 plate or blade thickness
H -	 total pump head
error criterion function (in data analysis techniques)
Ho , Hi -	 Bessel function of the third kind, i.e., the 11ankel function
dummy variable
j -	 harmonic number or other integer
J o , J -	 Bessel functions of the first kind
k -	 wave number (=
 WO
k.2(tt ) -	 integral = f t	 T(t) dt
-1
K -	 cavitation number
constant
Ko' 
K 
-	 hyperbolic (or modified) Bessel function of the second kind
t -	 length
L -	 inductance or inertance
m -	 coordinate along a streamline
-	 integer
M -	 Mach number
n -	 vector normal to streamline or wall
-	 pump speed (rps)
-	 integer
N -	 pump speed (rpm)
NB -	 number of blades
NPSH -	 net positive suction head
P, P -	 pressure
297
It ROC»A[ET®Y1V>E3 0 A OIVI•ION OR NORTH AMERICAN AVIATION. INC
pv
Pr
Q
r
R
s
S
S
n
S(w)
t
- vapor pressure
- Prandtl number
- volumetric flow
- radial direction or radial vector
- resistance
radius of curvature, e.g. of an elbow
radial distance From impeller outer diameter
ratio
- distance between or along blades
Laplace transform operator
- cross-sectional area
- net cavity area
- Sears' function, Eq. (250
- time
t..
Ij
T.i
T(ti
U
li
v ) V
V
w
- momentum flux Onsor
- distance traveled.
- integral of Sears' function	 J00 S(W) e iwt dW
^o
- velocity
influence coefficient
- velocity, primarily impeller tip speed
- velocity
- volume (cavity volume with subscript c)
- velocity
plate deflection
298
ROCiC8TaY1'V8 • A OIVI•'ON OF NORTH AMERICAN AVIATION. INC
w - weight flow rate
WW	 - wake velocity perpendicular to blade
W - relative velocity
volumetric flow
x, y, z	 - coordinate directions
xc , ycI Sc- blade cavity coordinates and area
X - reactance = imaginary part of impedance
Y - relative amplitude of superimposed waves
Yo ,
Y 
	 - Bessel functions of the s,cond kind
Z* - complex plane = x + iy
Z - impedance
Zit
z 
	 - number of impeller and diffuser blades, respectively
et - incidence angle
approximation to parameter values (in data analysis techniques)
awl
`W tw	- wedge angle and wedge length over spacing of a wedge-shaped
inducer blade
- blade angle
y - spec if is heat ratio
complement o12 blade angle
I' - wavelength
$ - time lag
plate mass density
correction factor
angle in Appendix A
?4
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bij	 - Kronecker delta (. 1.0 if i = j; s 0 if i ^ j)
®	 - denotes incremental vnlue of variable
- hodograph plane
force distribution parameter in chapter on Wave Generation
relative phase angle
®	 - number of oscillations
angle or angular blade spacing
- wavelength
eigenvalue or wave propagation constant
µ	 - coefficient of viscosity
- dimensionless coordinate
p	 - mass density
O	 - phase angle
Poisson's ratio
T	 - ti -e delay (= t,,c
cavitation parameter
cp	 - flow coefficient
angle, e.g, of elbow
eigenvector
- steady-state velocity potential
head coefficient
^► 	 - general velocity potential, e.g, for simple harmonic motion
\Tl = 0 e iw t
- circular frequency
- Laplace operator	 =	 a2 + a2	a2.4. 	 _ fnr three—dimensional
o) a x2oas 
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